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Abstract. In this paper we study the derived category of sheaves on the affine 
Grassmannian of a complex reductive group G, contructible v^ith respect to the 
stratification by G(C[[2:]])-orbits. FoUovfing ideas of Ginzburg and Arkhipov- 
Bezrukavnikov-Ginzburg, we describe this category (and a mixed version) in 
terms of coherent sheaves on the nilpotent cone of the Langlands dual re- 
ductive group G. We also show, in the mixed case, that restriction to the 
nilpotent cone of a Levi subgroup corresponds to hyperbolic localization on 
affine Grassmannians. 



1. Introduction 
1.1. Let G be a complex connected reductive group, and let 

Grg G{Sk)/G{0) 

be the associated affine Grassmannian (where ^ — C((a;)) and D = C[[a;]]). The 
Satake equivalence is an equivalence of tensor categories 

Sg : Rep(G) ^ Pam-.^i^^a) 

between the category PG(£i)_eq(Gr(j) of G'(D)-equi variant perverse sheaves on Gr^j 
(endowed with the convolution product) and the category Rep(G) of finite-dimen- 
sional G-modules (endowed with the tensor product), where G is the complex re- 
ductive group which is Langlands dual to G. This equivalence is "functorial with 
respect to restriction to a Levi" in the sense that, if L C G is a Levi subgroup 
and L C G a dual Levi subgroup, the restriction functor Rep(G) — > Rep(L) can be 
realized geometrically as a (renormalized) hyperbolic localization functor 

: Pc5(0)-cq(GrG) ^ P Uoyo^i^^ l) 

in the sense of Braden f Braj . 
The forgetful functor 

PG(Cl)-eq(Gl'G) PG(0)-mon(*^''G)' 

where ^ G{0)-mon{^'' g) category of perverse sheaves constructible with respect 

to the stratification by G(D)-orbits, is an equivalence of categories. Hence the cat- 
egory P(5(o)-eq(*^''G) naturally the heart of a t-structure on the full subcategory 
"^6(0) mon(^''G) derived category of constructible sheaves on Grg whose ob- 

jects have their cohomology sheaves constructible with respect to the stratification 
by G(D)-orbits. Therefore, one can ask two natural questions: 

(1) Is it possible to describe the category ^^.j^-j „ion(*^''G) '^"^ terms of the ge- 
ometry of the group G? 

(2) Is this description functorial with respect to restriction to a Levi subgroup? 
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1.2. First, consider question (1). In [G2 , Ginzburg has explained how to describe 
morphisms in ^jjp-) ,non(*^''G) between shifts of simple objects of P(5(o)_inon(Gi'(5), 
in terms of coherent sheaves on the nilpotent cone Ag of G. The next step towards 
answering the question is to construct a functor from the category ^gj-Q) inon('^''G) 
to a certain category related to coherent sheaves on Ng- This question is rather 
subtle, due to the lack of extra structure on the category ^^gp) mon(*^''G) (such as 
a convolution product). However, one can adapt the constructions of Arkhipov- 
Bezrukavnikov-Ginzburg in jABG] to construct a functor from mon(^''G) 

DGCoh^(,(,(7VG'), where DGCoh^gg(A/G) is a certain modified version of the derived 
category of G-equi variant coherent sheaves on Ma, where G acts on Mg by conju- 
gation (see H2.2I below for a precise definition). Then, it follows from Ginzburg's 
result that 

(1-1) Fg : 2?^(o).n.o„(GrG) ^ DGCohg,,(A/G) 

is an equivalence of triangulated categories. 

Note that this result can be deduced directly from the results of |ABGj in the case 
G is semisimple of adjoint type. Instead, we give two direct proofs of equivalence 
(jl.ll) . The first one is based on the same construction as in [ABG , but is slightly 
simpler. This construction uses a refinement of the stratification by G(0)-orbits, 
namely the stratification by orbits of an Iwahori subgroup of G{D). The latter is 
better-behaved than the former, e.g. because, due to results of Bcilinson-Ginzburg- 
Soergel in jBGS] , the category of perverse sheaves for this stratification has enough 
projectives, and its derived category is equivalent to the associated constructible 
derived category. Another central argument is the formality of a certain dg-algebra, 
see gSH 

Our second proof of equivalence (jl.ll) . inspired by the methods of 'BF], is com- 
pletely formal, and based on the notion of enhanced triangulated category. The 
main argument is again a formality result (at the categorical level), similar to the 
one used in the first proof. 

1.3. Now, consider question (2). Here our answer is less satisfactory. The functor 
induces a triangulated functor 

G(D)-inon^ G/ L(iJ)-mon^ ^' 

On the coherent side of the picture, the natural functor to consider is the inverse 
image functor 

(z«)* : DGCohg,,(AAG) ^ DGCoh^.,,(AAi) 

for the inclusion Ml ^ A/g- It would be natural to expect that there exists an 
isomorphism of functors 

(1.2) {^IYoFg - FLo9\f. 

However, we were not able to prove this fact. More precisely, it is easy to check 
that the images of perverse sheaves under both functors appearing in (|1.2p coincide. 
It can also be checked (see Proposition 16. 7p that the action of both functors on 
morphisms between shifts of perverse sheaves can be identified. However, we were 
not able to construct a morphism of functors between (z^)* o Fg and Fl o DVf- The 
main reason is that the functor is not well-behaved on the category of perverse 
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sheaves constructible with respect to orbits of an Iwahori subgroup, and hence is 
"not compatible with the construction of Fq" 

To be able to give an answer to (a variant of) question (2), we have to introduce 
more rigidity (or more structure) on the category ^^gj^-j mon(^''G')- This rigidity 
is provided by an additional grading, related to weights of Frobenius. In fact, 
we replace the category V^,^. (Gr^) by its "mixed version" (Gr^), 

^ o J G(0)-mon^ <J-/ G(0)-mon^ G/' 

defined and studied (in a general context) in |AR) . (This definition is based in an 
essential way on the results of IBGSj .) An easy generalization of the constructions 
alluded to above yields an equivalence of categories 

(1.3) F^"'' : Pg|^)_(Gre) ^ PLeCoh^x^- (AAg), 

where Vf^.^^Coh^'"^"^ (Afa) is a certain subcategory of the derived category of G x 
Gm-equivariant coherent sheaves on A/g, where Gm acts on A/g by dilatation. (Note 
that a similar construction was already considered in [ABG| .) 

Using again general constructions from |AR] . one can define a "mixed version" 

^G,mix.pmix . ^ pmix . 

^ G(0)-moii^ G/ L(0)-mon^ ^ 

of the functor On the coherent side of the picture, one again has an inverse 
image functor 

(*g)mix:2?ft.eeCoh«x«'"(A/-G) ^ P^eCoh^ (A/^ ) . 

Our main result is the proof of an isomorphism of functors 

(-1 A\ „ jTimix rvj pmix a>G,mix 

This proof is based on the observation that the category Pj^.^^Coh*^^"^'" (TVg) is 
the bounded homotopy category of an Orlov category in the sense of lARj . Then 
()1.4p is a consequence of a general uniqueness result on functors between bounded 
homotopy categories of Orlov categories. 

1.4. Contents of the paper. In Section [2] we state precisely the main results of 
this paper. In Section [3] we give a first proof of equivalences (jl.ip and p. Bp . In 
Section |4] we give a second proof of these equivalences. In Section [5] we explain 
the relation between our results and the main results of |ABG| Part II] . In Section 
ini we prove isomorphism (jl.4p . This section also contains a new proof of a result 
of Ginzburg |G2) on the geometric realization of the Brylinski-Kostant filtration 
in terms of perverse sheaves, which may be of independent interest. In Sections [7] 
and [8] we study two related questions: the compatibility of our equivalence ()1.3p 
with convolution of (mixed) perverse sheaves, and compatibility of hyperbolic lo- 
calization with convolution. Finally, in Section [5] we describe some of our objects 
of study more concretely in the case G = SL(2). 

1.5. Conventions. If A is a complex algebraic variety endowed with an action of 
an algebraic group H, recall that an object of the derived category of sheaves 
on X is said to be H -monodromic if for any ? € Z, the sheaf TV{F) is con- 
structible with respect to a stratification whose strata are i?-stable. We denote 
by V\_^-^^^{X) the subcategory of the derived category of sheaves on X whose ob- 
jects are 7J- monodromic, and by P_f/-mon(^) the subcategory of perverse sheaves. 
We use the same terminology and notation for Q^-sheaves on varieties defined over 
an algebraically closed field of characteristic p ^ I- We also denote by P^_gq(A) 
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the equivariant derived category of sheaves on X (see [BLj '). and by 9h-cci[X) the 
subcategory of perverse sheaves. 

We win often work with Q^-sheaves on varieties defined over a finite field Fp, 
where p ^ I is prime. For our considerations, the choice of I and p is not important; 
we fix it once and for all. We fix a square root of g in Q^, which defines a square 
root of the Tate sheaf on any such variety. We denote for any i g Z by (z) the 
Tate twist (— |). We also fix an isomorphism = C. If X is a variety over Fp, 
endowed with an action of an algebraic group iJ, we say that a perverse sheaf on X 
is H-monodromic if its pull-back to X Xgpoc(Fp) Spec(Fp) is H Xgpcc(Fp) Spec(Fp)- 
monodromic. 

For any dg-algebra A endowed with an action of an algebraic group i?, we denote 
by DGMod^(yl) the derived category of i?-equivariant A-dg-modules. Recall that 
a dgg-algebra is a bigraded algebra endowed with a differential of bidegree (1,0), 
which satisfies the usual Leibniz rule with respect to the first grading. (Here, "dgg" 
stands for "differential graded graded.") Similarly, a dgg-module over a dgg-algebra 
is a dg-module over the underlying dg-algebra endowed with a compatible addi- 
tional Z-grading. The first grading will be called "cohomological," and the second 
one "internal." If A is a dgg-algebra, endowed with a compatible _ff-equivariant 
structure, we denote by DGMod^^'^'" (A) the derived category of iJ-equivariant 
j4-dgg-modules. We denote by {n) the "internal shift" defined by the formula 

{M{n))) = Ai]_„, 

where subscripts indicate the internal grading, and superscripts indicate the coho- 
mological grading. 

For any algebraic group iJ, we denote by Z{H) the center of H. 

1.6. Acknowledgements. The first author is grateful to the Universite Clermont- 
Ferrand II for its hospitality during a visit in June 2010, when much of the work in 
this paper was carried out. This visit was supported by the CNRS and the ANR. In 
addition, P.A. received support from NSA Grant No. H98230-09-1-0024 and NSF 
Grant No. DMS-1001594, and S.R. is supported by ANR Grant No. ANR-09-JCJC- 
0102-01. 

2. Notation and statement of the main results 

2.1. Reminder on the Satake equivalence. Let G be a complex connected 
reductive algebraic group. Let D C[[a;]] be the ring of formal power series in an 
indeterminate x, and let ^ :— C{{x)) be its quotient field. We will be interested in 
the afhne Grassmannian 

Grg := G{Si)/G{D). 

This space has a natural structure of ind- variety, see |G21 IMVl IBDl IGai INPj , and 
it is endowed with an action of the group-scheme G(D). We consider the reduced 
ind-scheme structure on Gr^. Consider the category 

PG(D)-oq(GrG) 

of G(D) -equivariant perverse sheaves on Grg, with coefficients in C. As usual, an 
object of this category is understood to be an equivariant perverse sheaf on a closed 
finite union of G(D)-orbits (which is a finite-dimensional algebraic variety). 
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It is a well-known fundamental result (see jG2[ IMV] ) that this category is en- 
dowed with a natural convolution product which makes it a (rigid) tensor cate- 
gory, and that it is also equipped with a fiber functor 

H'{-) H'iGra,-) : (Pe(o).eq(GrG), *) ^ (Vectc, ®). 

(Here, Vectc is the category of finite-dimensional C-vector spaces.) 

Fix a maximal torus T C G, and a Borel subgroup B C G containing T. The 
constructions of |MV1 Sections 11-12] provide a canonical complex connected re- 
ductive algebraic group G which is dual to G in the sense of Langlands, and a 
canonical equivalence Sq of tensor categories which makes the following diagram 
commutative: 

(Rep(G),®) ^ -(PG(O)-eq(GrG),*) 

H'{-) 

(Vectc, ®) 

where Rep(G') is the category of finite-dimensional G-modules (endowed with the 
natural tensor product), and For is the natural fiber functor (which forgets the 
action of G). 

Let U be the unipotent radical of B. Let X be the cocharacter lattice of T. 
Then there is an inclusion 

X = Grj, ^ Grg. 

We denote by Lx the image of A G X. For A £ X, we denote by &\ the U (.ft)-orbit 
of L\. Let also X be the character lattice of T, and consider the (complex) torus 
T := Homz(X,C^), so that we have a canonical isomorphism X*{T) = X. (In 
other words, T is dual to T in the sense of Langlands.) We have a tautological 
equivalence of tensor categories 

St: (Rep(r),®)->(Pf(o)_,q(Grf),*). 

Let 7? C X be the root system of G. The choice oi B C G determines a system 
of positive roots R'^ in R (chosen as the roots of Lie(B)). Let p be the half sum of 
positive roots. By |MV[ Proposition 6.4], the functor 

■■= H^^-^'H&x,-) ■■ Pc5(0)-eq(GrG) ^ PT(0)-cq(Grt) 
Aex 

is a tensor functor. And, by |MV[ Theorem 3.6], there is a natural isomorphism of 
tensor functors which makes the following diagram commutative: 

(PG(O)-eq(GrG),*) ^ (PT(O)-eq(GrT),*) 

H'(-) 

(Vectc,®) 

By Tannakian formalism ( [DMl Corollary 2.9]), one obtains a morphism of algebraic 
groups T ^ G. By |MV| Section 7], this morphism is injective, and identifies T 
with a maximal torus of G. 

Let i? C X the root system of G (which is canonically the dual of R), and let i?+ 
be the system of positive roots in R corresponding to the choice of in R. This 
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choice determines a canonical Borel subgroup B C G containing T. Let A be the 
basis of R associated to the choice of R'^, and let X+ C X be the set of dominant 
weights of T. 

Let / :— (evo)^^(-B) be the Iwahori subgroup of G{D) determined by B, where 
evo : G{D) — > G is the evaluation at a; = 0. Then {La, A G X} is a set of 
representatives of /-orbits on Grg. Similarly, {La, A € X''"} is a set a representatives 
of G(D)-orbits. We denote by Gr^ the orbit of A € X+, and by ICa the associated 
simple perverse sheaf, an object of PG(£))_cq(Gi'(5). For A G X we define 

Then V\ is a simple G-module with highest weight A (see |MV1 Proposition 13.1]). 
For any A e X, we denote by i\ : {La} ^ Gr^ the inclusion. 

2.2. Equivalence. Recall that the forgetful functor 

PG(0)-cq(GrG) PG(0)-mon(<^''G) 

from the category of G{D)-equivariant perverse sheaves on Gr^j to that of G{D)- 
monodromic perverse sheaves is an equivalence of categories. (In our case this 
follows easily from the semisimplicity of the category PG(^o)-moni^^G) proved e.g. in 
[MVl Lemma 7.1].) Hence the abelian category PG(o)-cq(G''G) naturally the 
heart of a i-structure on the derived category ^^^(q) mon^^^'G^ G(D)-monodromic 
sheaves on Grg. Our first result is a description of this triangulated category. 

Recall that there exists a right action of the tensor category PG(0)-cqi^''G) '-'^ 
the category ^'g^Q) nwn^^''G^' which extends the convolution product. We denote 
it by 

r ^e(D)-„.o„(G^G) X PG(D)-cq(GrG) ^ ^^(0)-„.o„(G^g) 

\ (M,P) A/*P 

On the other hand, consider the nilpotent cone Afa C g of the Lie algebra g of 
G. It is endowed with an action of G x Gm, defined by the formula 

{g,t) ■ X -.^t-^AdgiX), for {g,t) e G x C^, X eAfc- 

Hence, the algebra C[7Vg] is a graded G-equivariant algebra, concentrated in even 
degrees. We use this grading to consider it as a G-equivariant dg-algebra, en- 
dowed with the trivial differential. We denote by DGCoh^^,^,{J\fc) the triangu- 
lated subcategory of the derived category of G-equivariant dg-modules over this 
G-equivariant dg-algebra which is generated by the "free" objects, i.e. the objects 
of the form V ®c C[7\/g], where F is a finite dimensional G-modulc. The differen- 
tial on V CS)c C[A/g] is the trivial one, the module structure and the grading are the 
natural ones, and the G-action is diagonal. The tensor product with G-modules in- 
duces a right action of the tensor category Rep(G) on the category DGCoh^(,p(A/G), 
which we denote simply by 

r DGCohg,,(AAG) X Rep(G) ^ DGCohg,,(A/'G) 

\ {M,V) ^ M(g)V 

Theorem 2.1. There exists an equivalence of triangulated categories 
Fo ■■ 2?6(0)-mo„(GrG) ^ DGCohg,,(A/-G) 
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and a natural bifunctorial isomorphism 

(2.1) FaiM^SaiV)) = Fg{M)0V 

forM inVl^^^_^^^{QrQ) and V m Rep(G). 

This equivalence is proved at the level of morphisms between objects of the 
form iS(3(y)[n] (in the case G is semisimple) in |G2[ Proposition 1.10.4]. It is also 
suggested in |ABG1 Sections 7 and 10] (in the case G is semisimple and adjoint), 
though it is not explicitly stated. In fact, under this assumption one can deduce 
Theorem O from |ABG[ Theorem 9.1.4], see [lEl §11-2]. 

In this paper we give two direct proofs of this result. In Section [31 we provide a 
rather explicit construction of the functor i^*^, and prove that it is an equivalence 
in t j3.6l These arguments are a simplified version of those of |ABG1 Part II]. In 
Section [5] we prove that the equivalence constructed this way is isomorphic to the 
one which can be deduced from [ABG, Theorem 9.1.4] (in case G is semisimple and 
adjoint). 

Then, in Section |4] we give a second (shorter) proof of this equivalence, inspired 
by the arguments of the proof of the main result of jBF| . This second proof does 
not provide an explicit description of F'^ . It is based on the notion of enhanced 
triangulated category (see [BKl IDr[ IBLL] ). 

2.3. Equivalence: mixed version. As in |ABGj . the equivalence of Theorem l2.1l 

comes together with a "mixed version." To explain this, we first have to consider 
some generalities. 

On several occasions in this paper we will use the following easy lemma on 
triangulated categories. (This lemma is stated e.g. in jABG| Lemma 3.9.3].) 

Lemma 2.2. Let ^, be triangulated categories, and let F : Si ^ be a 
triangulated functor. Assume given a set S of objects of & such that 

(1) S, respectively F{S), generates S, respectively S>' , as a triangulated cate- 
gory; 

(2) for any M, N in S and i ^"L the functor F induces an isomorphism 

Hom@(M,7V[i]) ^ YloTCLs,,{F{M),F{N)[i]). 
Then F is an equivalence of categories. □ 

Let Xz be a scheme over Z, endowed with a finite (algebraic) stratification ,5^z = 
{Xz,s\s^s by affine spaces. One can consider the version '■— X ^spcc{Z) Spec(C) 
of Xj^ over C, endowed with the stratification J5^c = {^c.sjseSi ^-nd the version 
Xf X Xspcc(z) Spec(F) of Xz over F := Fp, endowed with the stratification 
= {Xw,s}s£S- We assume that is a Whitney stratification, and that the 
stratification .y^ satisfies the usual condition |AR[ Equation (6.1)]. 

Consider the subcategory 

V%{Xc). respectively V%{Xv) 

of the derived category of sheaves on Xc (for the complex topology) , respectively of 
Q^-sheaves on X^ (for the etale topology), consisting of objects whose cohomology 
sheaves are constructible with respect to the stratification ,5^c, respectively o5^f. 
(Here, "constructible" amounts to requiring that the cohomology sheaves of our 
complexes are constant on each stratum.) Consider also the abelian subcategory 

Pj^c(^c), respectively Pj^j,(Xf) 
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of perverse sheaves. The fohowing result is well known, and is used e.g. in ^ABGj . 
We include a proof for completeness. 

Lemma 2.3. There exists an equivalence of triangulated, respectively abelian, cat- 
egories 

^!^c(^c) = ^?!^,(^f) respectively P^jXc) = P^,(Xf). 

Proof. It is enough to construct the first equivalence in such a way that it is i-exact. 
Then, restricting to the hearts gives the second equivalence. 

First, by general arguments (see |BBD1 §6.1] or [BFl Proposition 5]), one can 
replace the category 2?^^(Xc) by the analogous category T>^^{Xc^ct) where the 
complex topology is replaced by the etale topology, and the coefficients are Qi 
instead of C. Then, choose a strictly henselian discrete valuation ring R C C whose 
residue field is F, and consider the corresponding constructible category T)^^{Xb). 
Then there are natural functors 

(see [BBD! §6.1.8]). 

We claim that these functors are equivalences. Indeed, one can consider the stan- 
dard and costandard objects As := (js)!Q^Xs [dimXs] and Vs := (js)*Q^Xe [dimXg] 
in all three of these categories (where js is the inclusion of the stratum labelled by 
s). These families of objects each generate the categories under consideration (as 
triangulated categories). Moreover, it is easy to check that in all these categories 
we have 

Hom(A,,V,[n]) = Q^'''"'" 
(see [Mil VI.4.20]). The resuh follows by Lemma [2Jl □ 

The group G and its subgroups T, B can be defined over Z. Hence the ind- 
scheme Gr^, together with its stratification by /-orbits has a version over Z, and we 
are in the situation of Lemma 12.31 We obtain an equivalence of abelian categories 

(2-2) P/-mon(GrG) ^ P/-mon(GrG,F)- 

(On the right-hand side, we have simplified the notation: "/-mon" means nion- 
odromic for the action of the version of / over F.) 

The category P7_i„on(G''G,F) ^ natural mixed version ^f^moS^'^G) the sense 
of |BGS| or jARj . constructed as follows. Consider the versions Gr^. j.^, /f^ of Gr^., 
/ over the finite field Fp. With the notation of [ AR,, §6.1], one can consider the 
Serre subcategory 

Pf "1 (Grg F ) 

of the category of Q^-perverse sheaves on Grg ^.^ which is generated by the simple 
objects IC(F, Q£)(j) where j G Z and Y is an Tpp-orbit on Gr^p^. By |BBD[ 
Theoreme 5.3.5], every object P of this category is equipped with a canonical 
weight filtration, denoted W,P. Then we define 

P^mo„(GrG) := {P e P^rno„(GrG.F,) I for aU I e Z, grfP is semisimple}. 
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This is an abelian subcategory of Pf^^^JGr^ j^J. By [BGS| Theorem 4.4.4], the 

derived category V^PY^^^^iGrg) is a mixed versioii^ of I^^P j.nwni'^^G.w) the 
sense of |AR1 §2.3], for the shift functor (1). (In particular, the abehan category 
P™™^^(Gr(5) is a mixed version of P/_nion(^''c5 f) sense of |AR[ §2.3], but this 

notion is weaker.) As the notation suggests, we wih mainly forget about the field 
F and, using equivalence (|2.2p . we will consider ^Ymon^^'^G^ ^ mixed version of 
^ i-moni^'^ g) ■ particular, we have a forgetful functor 

For:Pr^„,(Gr6)^P/.,„o„(Gr6). 
By |BGS1 Corollary 3.3.2], the realization functor 

(2-3) 2^'P/.mo„(GrG) ^ ^'LonCGre) 

is an equivalence of categories. We define the category 

Vf"" (Grr) ■■= V^Pf'' (Gr^). 

i-mon^ ^ i-mon^ tj' 

By the remarks above, this triangulated category is a mixed version of ,non('^''G') 
in the sense of |AR[ §2.3]. (Note that this definition is indeed a particular case of 
the general definition given in [Ml Equation (7.1)] by [ARl Corollary 7.10].) 

In this paper we are mainly not interested in the stratification by /-orbits, but 
rather in the stratification by G(D)-orbits. We denote by 

2?^?;^-,, (Gr^) 

the triangulated subcategory oi V^^^^^iGr generated by the simple objects associ- 
ated with the G(Fp[[x]])-orbits Gr^ j, , A e X+ (and their shifts). By construction, 
this triangulated category is a mixed version of the category ^Jjp-j ,„on(Gi'G')- In 
particular, there is a forgetful functor 

(2.4) For : 2?!?:^-,, (Gr^) ^ 2?Xo> (Grr-)- 

Recall the dg-algebra C[7Vg] considered in H2.2i Now we consider this alge- 
bra as a dgg-algebra. Here, the differential on C[7Vg] is again trivial, and the 
bigrading is chosen so that the natural generators of this algebra are in bidegree 
(2,2). We denote by DGCoh^j,^^" (A/g) the subcategory of the derived category 
DGMod'^'"^'"(C[AAG]) generated by the objects of the form V (g)c C[AAg](«) for V a 
finite dimensional G-module. This triangulated category is clearly a graded version 
of the category DGCohg^^(7VG) in the sense of [Ml §2.3]. 

As in [ABGi §9.6], one can play the "regrading trick": the functor which sends 
the Z^-graded vector space AI ~ ©(ij)gz2M* to the Z^-graded vector space N = 
®(ij)GZ2^] defined by 

induces an equivalence of triangulated categories 

(2.5) DGCohg^f -(AAg) ^ PLeCoh'=x«'"(AAG), 

where V^^^^Coh^^'^'" (Afc) is the subcategory of the bounded derived category of 
G X Gm-equivariant coherent sheaves on Afc (with respect to the G x Gm-action 
defined in i j2.2p generated by the "free" objects of the form V ®c C'tVg for ^ a 



^Equivalently, in the terminology of |BGSI Definition 4.3.1], P^j^^^(Grg.) is a grading on 

P/-mon(*^''(5_j.). 
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G X G,n-module. Hence, the categ ory VI^J:o\\^''^'^{Mg) is also a graded version 
of the category DGCohf^^^{NG) ■ In particular, there is a forgetful functor 



(2.6) 



For : PLcCoh 



GxG„ 



(A/g) ^ DGCohg,,(A/G). 



The "mixed version" of Theorem 12. II is the following result. 



Theorem 2.4. There exists an equivalence of triangulated categories 
such that the following diagram commutes: 



(Gr^) 

G(0)-mon^ G/ 



'(AAg) 



For 



G(D)-mon 



For 



DGCohg,,(AAG). 



T/iis equivalence satisfies: 



Again, in the case G is semisimple and adjoint, this result can be deduced from 
[XBG. Theorem 9.4.3]. We give two proofs of this theorem in iJ3.8l and HA.'Sl which 
are parallel to those of Theorem 12.11 In ii4.5l we prove that the two equivalences 
obtained by these methods are in fact isomorphic. One can also prove that, in the 
case G is semisimple and adjoint, this equivalence is isomorphic to the one deduced 
from |ABG| Theorem 9.4.3]. 

Note that, in contrast to Theorem 12.11 there is no "compatibility" statement 
with respect to convolution of perverse sheaves in Theorem 12.41 We will address 
this problem in H2.5\ below. 



2.4. Hyperbolic localization and restriction to a Levi subgroup. Next we 
study functoriality properties of Theorems 12.11 and 12.41 Consider a standard para- 
bolic subgroup P C G, and its Levi factor L C P containing T. This data is entirely 
determined by the choice of a subset of A, hence it determines a Levi subgroup 
L C G containing T. 

On the coherent side of the picture, one can consider the inclusion 

if:AfL^ Mg 

and the associated (derived) pull-back functors 

iifr : DGCohg,,(AAG) ^ DGCohg,,(AAi), 

: Pfj.,,Coh«x«'"(AAG) ^ PLcCoh«x«"(A/i). 

Now, consider the constructible side of the picture. Let P~ be the parabolic 
subgroup of G opposite to P (relative to T). The inclusions P ^ G, P~ ^ G and 
the projections P L, P^ -» L induce morphisms of ind-schemes 

i : Grp ^ Gr^, j-.Grp-^Gr^, 
p : Grp — s> Gr^, q : Grp- — s> Gr^. 
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Then, one has functors 



p,i* -.V),,^^, (Gr^) ^ 2?^,,--, (Gr 



G(£))-monV^' G> ^ ■^L(D)-mon V^' i ' 
G(D)-mon^ G/ L(lJ)-mon^ -t^^ 



Let Ai : — >■ T be a generic dominant coweight of f with values in the center 
of L. (For example, one may take Xl — '2,pc — 2pL, where pc, respectively pl, is 
the half sum of positive roots of G, respectively of L.) Then Gri is the set of fixed 
points for the action of Al(C^) C G{D) on Grg. Moreover, j is a locally closed 
embedding which identifies Grp with the attracting set for this action. Similarly, j 
identifies Grp- with the attracting set for the action of A^^. Hence we are in the 
situation of |Bra[ Theorem 1], which provides an isomorphism of functors 

pn* - 9*r :2?:i(o).„.o„(Grc5)^2?i(o).„.o„(GrL)- 

This functor is called the hyperbolic localization functor, and is denoted h'j^. 

The connected components of Gr^ are parametrized by the set X*{Z{L)) of char- 
acters of the center of L. We denote by G<'i ^ the connected component associated 
to X £ ^*{Z{L)). Any object M of ^^^^j-,-, rnon^^'^L) ^he direct sum of (finitely 
many) objects supported on Gri^, x G Let 9l be the functor 

which sends such an M to 

M^[{x,2p^-2pi)]. 
xex*(z{L)) 

Here, Pq and pi are the half sums of positive coroots of G and L. Note that 
2pq — 2pi is orthogonal to all roots of L, hence the pairing (x, 2pQ ~ 2pi) makes 
sense. We consider the functor 

(Note that this notation is consistent with that of ' i2.\[ ) 

The importance of this functor is clear from the following result, which is proved 
in |BD[ Proposition 5.3.29 and Lemma 5.3.1]. (The case L = T is one of the 
fundamental preliminary results of |MV| .) 

Theorem 2.5. The functor dX'f^ sends ^ G(0)-cq {^''G) ^ "^6(0) mon(^''G-' 
category P i^oycqi^'' l) ■^i(O) mon('^''i)' Moreover, the following diagram com- 
mutes up to an isomorphism of functors: 

Rep(G) ^ PG(0)-cq(GrG) 



RosV 



my 



Rep(L) ^ PL(£))-cq(Gri), 

where Res£ is the restriction functor. □ 



Remark 2.6. One of the main steps in the proof of the commutativity of the diagram 
of Theorem 12.51 is to show that the functor DVf commutes with convolution. In 
Section[5]we give a new proof of this result in greater generality, see ^2.6l for details. 
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Our second main result relates these two pictures. In fact, we were only able 
to relate mixed versions of these functors. Using general constructions of [ARj . we 
first prove that the functor has a "mixed version" 

G(0)-mon^ Cr/ L(0)-mon^ 

(see Proposition 16.41 for details). Then, using the notion of Orlov category studied 
in [AR] we obtain the following result, which is proved in H6.5I 

Theorem 2.7. The following diagram commutes up to an isomorphism of Junctors: 

Remark 2.8. We expect that the non-mixed version of the diagram of Theorem 12. 71 
also commutes. However, we were not able to prove this fact. The problem is the 
following. One can check that there exist isomorphisms 

(2.7) ill)* o Fg{Sg{V)) - Fl o ^1{Sg{V)) 

for all V in Rep(G), which are well-behaved with respect to morphisms (see Propo- 
sition [67f)) . The objects Sg{V) generate the triangulated category ^g(£,) mon(^''G)- 
However, we were not able to construct a morphism of Junctors which would in- 
duce isomorphisms (12. 7|) on objects. In the mixed setting, we use the extra structure 
given by the grading, and general constructions from homological algebra, to con- 
struct such a morphism of functors. 

In §!j23]-l2]6l we present results that are not essential but which enlighten some 
of the interesting properties of the functors Fg and and their mixed versions. 

2.5. Satake equivalence and mixed perverse sheaves. Consider the categories 

PG(D)-oq(GrG,Fp): respectively PG(D)-mo„(GrG 

of G(Fp[[x]])-equi variant, respectively G(Fp[[a;]])-monodromic, Q^-perverse sheaves 
on the Fp-vcrsion of Gr^j. The forgetful functor 

f'G(£))-cq(^''G,Fp) ~^ PG(D)-mon('^''G,Fp) 

is fully faithful. Indeed, the corresponding fact over Fp is well known (see |MV[ 
Proposition A.l]). And it is also well known f |BBD[ Proposition 5.1.2]) that the 
categories of perverse sheaves over Fp can be described as categories of perverse 
sheaves over Fp endowed with a Weil structure. This implies our claim. (For this, 
see also |Ga[ Proposition 1 and its proof].) 

For any A G X+ , we denote by IC™''^ the simple perverse sheaf associated to the 
constant local system on Gr^, j. , normalized so that it has weight 0. We let 

pWcil ((- \ 

be the Serre subcategory of P G{0)-cc^'y^''G,v^)^ equivalently PG(o)-mon(GrG,Fp)> 
generated by the simple objects IC^"'^(j), where A e X+ and j G Z. 
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It is well known that the category P(5(£))_oq(Gi'i5 p ) can be endowed with a con- 
volution product {M, N) H> M -k N, which is associative and commutative (see 
[Ga[ §1.1.2]). The following result is well known, but we have not found any ex- 
plicit proof in this setting in the literature. It can be easily deduced from [NPl 
Propositions 9.4 and 9.6]. We give a different proof to illustrate the techniques of 

m- 

Proposition 2.9. For any A,/i G X"'", the convolution IC™ ★ IC™"^ is a direct 
sum of simple perverse sheaves IC™"', v G X+. 

Proof. Let Fig G{^)/I be the affine flag variety. It is naturally endowed with 
the structure of an ind-scheme, and we have a natural smooth and proper morphism 
p : F\q — > Grg,. One can define the category I?^^'^^(FIq) as for Gr^, see [AR[ §6.1]. 
We already know that IC™"^*IC™'^ is a G(D)-equivariant perverse sheaf. Hence it 
is enough to prove that p*{lCf'' * IC™) is a semisimple object of Vf^l^ifl^). 

Let us denote by (— — ) the convolution of /-equi variant complexes on Fig, or 
the action of /-equivariant complexes on Fig on /-equivariant complexes on Grg. 
Then we have 



p*(ic'f'^)*^p*(ic™) ^ p*{p*{icTl* 'ici 

- p*(p.(p*(icr))^ic--) 

The cohomology H*{Gw^/Bf^) has a semisimple action of Frobenius. Hence to 
prove the proposition it is enough to prove that p*(IC™"')*^p*(IC™"') is a semisim- 
ple object of 2?^"^^(Flg). However, this follows from 'BY, Proposition 3.2.5], see 
also [Ml RemarkT2.3]. □ 



It follows from Proposition 12.91 that the subcategory Pg'^Q-j ^o^^^^'g ¥p) 
ble under the convolution product. Let Pg(£|-| nion('^''G) subcategory of 

^^(O) mon('^''G.Fp) whose objccts are direct sums of objects IC™"^, A G X+. Again 
by Proposition 12.91 this subcategory is stable under the convolution product. 

Equivalence (|2.2p induces a similar equivalence where "/-mon" is replaced by 
"G{D)-mon." In particular, it follows that extension of scalars defines a functor 

*G : P6(D)-„,on(GrG) ^ Pc5(£))-mo„(GrG), 
which commutes with convolution products. 

Lemma 2.10. The functor $(3 is an equivalence of tensor categories. 

Proof. This functor induces a bijection on isomorphism classes of objects. Hence 
it is enough to prove that it is fully faithful. As the category Pg^o) nion(*^''G) 
semisimple by definition, it is enough to prove that for any A, /i G X+ the functor 
induces an isomorphism 

However, this fact is obvious since both spaces are isomorphic to C'^ *'. □ 
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Using Lemma 12.101 we obtain an equivalence of tensor categories 
(2.8) 5g : Rep(G) ^ P°6(o).^o„(Gr6)- 

Using again the general constructions of |ARj we construct for any object M in 
Pe(0)-mo„(GrG) a functor 

(-) ★ M : P"^;^,, (Gr^) V^l'i, (Gr^) 

which is a mixed version of the functor (— ) ★ ^g{M), see Proposition 17.11 Then 
compatibility of the equivalence Fq^^ with convolution can be stated as follows. 
The proof of this result is given in i)7.2l 

Proposition 2.11. For any V in Rep(G) and M in I^Jj^^j mon(*^''G)' ^^^re exists 
an isomorphism 

which is functorial in M . 

In the remainder of this subsection we describe a setting in which the abelian 
category Pgj-^-) i„on(*^''G) appears more naturally. These results will not be used in 
the rest of the paper. 

Let us define the category 

P6|D)-mon(GrG) := {P 6 P6(iVmon(GrG,Fj I for all ^ G Z, grfP is semisimple}. 

By definition, this category is a full subcategory of the abelian category P™™^^(Grg), 
which is stable under extensions. Any object of P5!','i, (Gr^) is endowed with a 

■' G(0)-mon^ G/ 

canonical weight filtration. By definition again, P^p) ,non(*^''G) ^^"^ subcategory 
of PJSj0^ mon(*^''G) whosc objccts havc weight 0. 

Lemma 2.12. (1) The category P^'^^-j i^^iS^'^g) semisimple. 

(2) The weight filtration of any M in PJj"^^ mon(^''G) sp^^t^ canonically. 

Proof. To prove (1), it is enough to prove that for any A, /i in and any j (1 1, 
we have 

However, as P"?'As (Gr^) is stable under extensions in P'°"<^ (Gr^), one can 

' G(0)-mon^ ' 7-mon ^ tj^' 

compute the Ext^-group in the latter category. And, as T>^^PY^^^JS"t q) is a mixed 
version of 2''^P7_,„on(*^''G)' ^^^i^ Ext^-group is a direct factor of 

It is well known that the latter group is trivial, see e.g. |MV[ Proof of Lemma 7.1]. 

Let us consider assertion (2). The fact that the filtration splits follows from (1). 
This splitting is canonical because there are no non-zero morphisms between pure 
objects of distinct weights. □ 

By Lemma 12.121 and Proposition 12. 9[ the subcategory PJj^) ,„o,-|(GrQ) of the 
category PX'f'', (Gr/=,) is stable under convolution. Hence (PA'A^ (Gr^),*) is 

° G(D)-mon^ G/ ^ G (0)-mon^ G/' / 

a semisimple tensor category. Using Tannakian formalism ( jPMj ) , it is not difficult 
to identify this category. The proof of the following proposition is left to the reader. 



CONSTRUCTIBLE SHEAVES ON AFFINE GRASSMANNIANS 



15 



Proposition 2.13. There exists an equivalence of tensor categories 

5^''^:(Rep(GxG„),S5) A (Pgfo).-o„(GrG), *) 
such that the diagram: 

Rep(G X G,„) '-^L^ Pto)-n.on(^'o) 

For 

Rep(G) ^ Pc5(0)-mon(Grc5) 

commutes. □ 

2.6. Hyperbolic localization and convolution. Consider, as in ^2.4[ a stan- 
dard Levi subgroup L C G, and the corresponding standard Levi L C G. It 
follows in particular from Theorems 12.41 and 12.71 and Proposition 12.111 that for 
any M e T>^.^^ (*^''g) which is in the image of the forgetful functor For : 



^6fDVmon(^''G) ^ ^emvmon(^^G) ^nd N G P G(0)-cqi^' g) ^ t^cre cxists an iso- 



G(D)-mon^^'G7 
"G(D)-monV^''G) ^ ^6(0)-mon^^' G^ ^^^^ ^ ■-G(D)-cqV 

morphism 

Indeed, let M' be an object of V^'^^ moJ'^^G^ ^^^^ - For(M'). Let 

TV' := ($g)~^(-^)- Then we have a chain of isomorphisms 

Th f^Tzl 

9tf(M*iV) Foro(Fr'')-'o(if);;i,oF5^-(Af'*7V') 

Prop. 12.11 



(t) 

Prop. 12.111 
Th. [2771 



For o (Fr")-' o {iT)l,,4F^'''{M') ® (5S)-'(iV')) 



For(fR^''"'"(Af') ★ SR^''""'(Af')) 
«g'(M)*iRg'(7V). 

Isomorphism (f ) uses an isomorphism of functors IH^'™"^ o Sq = S^o Rcs^ which 
follows from Thcorcm l 2 . 51 and the construction of $H^'™"*^; see Remark [6.5l for details. 

In Section [5] we give a (topological) proof of the following much more gen- 
eral claim. Recall that the right action of the tensor category PG(ci)_eq(GrQ) on 
I?!? , (Gr/-') extends to a convolution bifunctor 

G(D)-inon^ 

(-*-): I?^(Gre) X 2?^(^-,)_^^(Gre) -> 2?^(Gr<5), 

where 'D^{GrQ) is the bounded derived category of constructible sheaves on Gr^. 
As in H2.41 let Al : T be a generic dominant cocharacter with values in the 

center of L. We let Aut denote the pro-algebraic group of automorphisms of D, see 
[Ga[ §2.1.2]. Then we have the following result, whose proof is given in 



Proposition 2.14. ForanyMinV^ ,„y., {Qr/^) and N inTy%, ^. . ^ (Gr^.), 

" Ai,(C )-mon^ G/ G(£)) XI Aut-cq^ GJ' 

there is a bifunctorial isomorphism 
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Note that the forgetful functor Pq^o) x Aut-cq(*^''G) ^ PG(D)-cq(*^''G) equiv- 
alence of categories, see |Ga| Proposition 1] or more generally |MV| Proposition 
A.l]. Hence Proposition 12 . 141 applies in particular if N is in P(5(£))-cq(^''G)- 
we assume in addition that M is a G'(D)-monodromic perverse sheaf, this result is 
well known, see Remark 12.61 The general case may be known to experts; however 
we have not found any proof in this generality in the literature. Note also that our 
proof of Proposition 12.141 works similarly in the case of sheaves with coefficients in 
any commutative ring of finite global dimensiorQ. This proof is independent of the 
rest of the paper. 

3. CONSTRUCTIBLE SHEAVES ON Grg AND COHERENT SHEAVES ON ^fc■ 

FIRST APPROACH 

In this section we give a first proof of Theorems l2.1l and l2.4l Our arguments are 
a simplified version of the proofs of |ABG[ Theorems 9.1.4 and 9.4.3]. 

3.1. Reminder on cohomology of affine Grassmannians. Let us recall, fol- 
lowing [G2 and jYZI . how one can give information on the cohomology i?'(Gr(j) :— 
H* {GrQ,C). As Grg is homeomorphic to the group of polynomial loops in a Lie 
group (see |G2l §1.2]), this cohomology is a graded-commutative and cocommuta- 
tive Hopf algebra. Denote by prim its subspace of primitive elements, i.e. elements 
X whose image under the comultiplication is x ® 1 -I- 1 ® x. This space is graded, 
by restriction of the grading on if*(Gr(j): prim = ©„prim". For any c G prim", the 
cup product with c induces, for any M in PG{0)-cqi^^G)^ ^ functorial morphism 

cU - : H'{M) ff'+"(Af). 

Hence, via Sq, we obtain an endoniorphisni (f){c) of the functor For : Rep(G) — >■ 
Vectc. By [YZi Proposition 2.7], this endomorphisni satisfies (t){c)vii»V2 — 0(c)vi "Xi 
idv2 +idvi ®0(c)y2- Hence one obtains an automorphism 0(c) of the tensor functor 
Rep(G') Mod(C[e]/e2) which sends V to V i^c C[e]/e'^ ^ V (S V ■ e hy setting 

^{c)v -.^ ( ^fX ] -.V^V-s^VoV-e. 

\ ncjv idy J 

By Tannakian formalism ([DM, Proposition 2.8]), this gives us a point in G'(C[e]/e^). 
Moreover, the image of this point under the morphism G(C[e]/e^) — > G induced by 
the evaluation at e = is 1 (because the induced automorphism of the fiber functor 
For is trivial). Hence one obtains a point ip{c) £ g. This way we have constructed 
a Lie algebra morphism 

ip : prim g. 

Note that this morphism is C^-equi variant, where the action on prim corresponds 
to the grading defined above, and the action on g is via the adjoint action of the 
cocharacter 2/5 : — > T. 



^In this case we need a more general case of Braden's theorem, which holds by IBral Remark 
(3) on p. 211], 
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Let £dGt be a very ample line bundl^ on Grg. Consider the first Chern class 
ciiCdct) e H^iGrg). We let 

ec := ip{ci{Cdct)) G 0- 

This element has weight 2 for the adjoint action of the cocharacter 2/5. Hence 
ec G 0cgA 0"- Moreover, ec is a regular nilpotent element of g (see IG2j or |YZ[ 
Proposition 5.6]), or equivalently its component on any is nonzero. (Note that 
[YZl Proposition 5.6] gives a much more explicit description of ec if jCdct is the 
determinant line bundle; we will not need this in this paper.) As prim is an abelian 
Lie algebra, the morphism -0 factors through a C^-equivariant morphism (denoted 
similarly for simplicity) ip : prim q'^'^ , where q'^'^ is the centralizer of cq in g. 

Now, assume for a moment that G is semisimple and simply connected, so that 
Grg is irreducible. By general theory of cocommutative Hopf algebras (see |Sw[ 
Theorem 13.0.1]), -//'(Gr^) is isomorphic to the symmetric algebra of the space prim. 
By [G2, Proposition 1.7.2] or |YZ1 Corollary 6.4], the morphism ip : prim — J> g^'^ is 
an isomorphism. Hence we obtain an isomorphism of graded Hopf algebras 

(3.1) V:i^'(GrG) ^S(g^'=). 

Note that, by construction, if M is in P(5(o)-cq(*^''G) G H*{GrQ), the endo- 

morphism of H*{M) induced by the cup product with c coincides with the action 
of V'(c) on {Sg)~HM). 

For a general reductive G, the connected component Grjl, of Grg containing 
the base point G{D)/G{D) identifies with the affine Grassmannian of the simply- 
connected cover of the derived subgroup of G. Hence (13. ip gives a description of 
H'iGr%) -.^H'iGr^C). 

3.2. An Ext-algebra. Let us define the objects 

1g:^Sg{C) and 7^G 5g(C[G]), 

where C is the trivial G-module, and C[G] is the (left) regular representation of 
G. Then 1g is an object of P(5(£3)_nion('^''G) (more precisely the skyscraper sheaf at 
Lq = G(D)/G(D) e Grg) and TZq is an ind-object in P(5(£))_nion(*^''G)- This object 
is a ring-object, i.e. there is a natural associative (and commutative) product 

(3.2) m : 7^G ★ Tec -s> 7^G 

induced by the multiplication in C[G]. Moreover, TZq is endowed with an action of 
G (induced by the right multiplication of G on itself). 
More concretely, one can choose an isomorphism 

TZg = lin^ "^G.fe, 

fe>0 

where 'JZG,k is an object of PG(£))_inon(G''G) endowed with an action of G for any fc, 
and such that the multiplication m of (|3.2p is induced by G-equivariant morphisms 

f^k,l ■ T^G,k *T^G,l ^ T^G,k+l- 



The choice of ZZdet is not unique; however, it is easily seen that our constructions essentially do 
not depend on this choice, mainly because we work with sheaves with coefficients in characteristic 
0. If G is simple then there is a natural candidate for £deti namely the determinant line bundle, 
which explains our notation. 
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Consider the C?-equivariant graded algebra 

Ext^(0)__„(lG,7^G) 

whose i-th component is 

lim Honipb (Gr^)(lG, ^G,fc W)- 

(Note that this definition is consistent with the usual formula for morphisms with 
values in an ind-object, see |KS21 Equation (2.6.1)]. In particular, it does not 
depend on the choice of the T^G.fc's.) The action of G on this vector space is 
induced by the action on TZg- The (graded) algebra structure can be described 
as follows. Take ^ G Extj5p)_„^^„(lG, 7^G), C & Ext^G(D)-mo„(lG, T^g); then the 
product ^ • C is the composition 

1g ^ TeG [j] = 1g * 7^G [j] ^^^^ tig * 7^G + j] 7^G + j] ■ 

(This structure is also considered in |ABG[ §7.2].) 
On the other hand, consider the algebra 

of functions on the nilpotent cone A/g of G. It is G-equivariant, and graded by the 
C -action defined in g2Jl 

Proposition 3.1. There exists an isomorphism of G-equivariant graded algebras 

Ext•j(o)-„.o„(lG,7^G) = c[a/-g]. 

Proof. This result is proved in |ABG| Theorem 7.3.1] in the case where G is semisim- 
ple and adjoint. (Part of the arguments for this proof are reproduced in the proof 
of Proposition 13.81 below.) The general case follows, as both of these algebras are 
unchanged under the replacement of G by G/Z{G). □ 

3.3. A projective resolution of l,-;. Recall the definition of the category of 
pro-object in an abelian category (see |KS1[ Definition 1.11.4] or [KS2' Definition 
6.1.1]); recall also that this category is abelian (see jKS21 Theorem 8.6.5(i)]). In 
this subsection we construct a projective resolution of the object 1g in the category 
of pro-objects in P/_inon(^''G)- ^ similar construction is also performed (without 
much details) in [ABGl §9.5]. 

Let us fix a collection of closed finite unions of /-orbits 

{Lo} - Xo C Xi C X2 C • • • 

such that Gr^ = L}n>a Xn- For any n > 0, we denote by z„ : X„ ^ Gr^ the 
inclusion. 

For any n > 0, it follows from jBGS| Theorem 3.3.1] that the category P j_^^^{Xn) 
is equivalent to the category of finite dimensional modules over a finite-dimensional 
C-algebra. Hence one can choose a projective resolution 

^ p-2 ^ p-l ^ pO , 

which is minimal, i.e. such that for any i < 0, is a projective cover of keT{dl^^). 
(Here, by an abuse of notation, we consider 1g as an object of P j_ynoni-^n), without 
mentioning which "n" is considered.) 
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Consider now the inclusion i„ : Xn Xn+i- For any projective object P in 
P/-mon(^n+i); (tn)*-P is a perversc sheaf (because P has a filtration with standard 
objects as subquotients, see [BGSl Theorem 3.3.1]), and it is even a projective 
object in P7_i„on(^n) (because the functor (6„)* is exact). More precisely, we have 
the following. 

Lemma 3.2. For any j < there is an isomorphism 

('-«) Pn+l — Pn- 

Proof. Fix i < 0. The projective object P^, respectively P^+i, is the direct sum 
of the projective covers in P/_nion("'^n)' respectively P/_nion(^n+i)) the simple 
objects L in P/_nion(-'^n)' respectively L' in P/_„ion(^"+i)' such that Hom(PJ,L) ^ 
0, respectively Hom(P^_^2 7 -^') 0; counted with multiplicity. By minimality we 
have isomorphisms 

Hom(P;?,L) - Extp^_(^^)(lG,L), Hom(P^+i,L') - Ext'^'^^^^^^^) (1^, i')- 

In fact, denoting by P(n,L), respectively P{n + l,L') the projective cover of a 
simple object L in P/_mon(^«)' respectively L' in P/_„ion(^«+i)' there are (non- 
canonical) isomorphisms 

P^ - (Extp;^_(^^)(lG,i))*®cP(n,L), 

^n+l - (Extp^_(X„+,)(lG,i'))*®cP(n+l,i')- 

Z,' simple in 
Pj-monf^r. + l) 

If L is in P7_,„on(^n)> then 

Extp^f^^^(^^)(lG,i) = Extp^f_^^_^(^^^^)(lG,(t„),i). 

Indeed, by [BGSj Corollary 3.3.2] the left-hand side, respectively right-hand side, 
is isomorphic to 

Hom-pb^^^^^(^^)(lG,i[-i]), respectively Hom^b ^^^^^(^^^^^ (1g, (t„),i[-j]). 

Now these spaces coincide since (t„)*lG — 1g- Moreover, by construction the 
projective cover of L in P/_jj^qj^(X„) is isomorphic to the restriction to Xn of the 
projective cover of {in)*L in P/_„jq„(X„+i) (see |BGS[ proof of Theorem 3.2.1]). 

On the other hand, if L' is a simple object associated to an /-orbit included in 
Xn+i \Xn, then the projective cover of L' in P/_nion("'^»+i) supported in Xn^i \ 
Xn (see again [BGSi proof of Theorem 3.2.1], or use reciprocity, see the arguments 
in |AR1 step 2 of the proof of Theorem 9.5]). This concludes the proof. □ 

More precisely, the resolution P* being fixed, one can choose the minimal pro- 
jective resolution P'+i in such a way that we have an isomorphism of complexes 

(in) Pn+1 — Pn- 

In particular, by adjunction this provides a morphism of complexes 

{in+l)*Pn+l ~^ {^n)*Pn- 

For any j < 0, we set 

P-'" := lim(z„),P^, 

n>0 
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a pro-object in P™J^^^(GrQ). For j < 0, the differentials d^^ : ^ Pi^^ induce 
niorpliisms : — > pj-i such that o d^ — 0. Hence one can consider the 
complex of pro-objects 

P' ■■= { > P^'^ ^ P"^ ^ P° ^ ^ •••), 

where is in degree i. There is a natural morphism of complexes P* — t- Iq- 

Lemma 3.3. (1) For any k, the object P^ is projective in the category of pro- 
objects in P/_n,on(GrG)- 
(2) The morphism P* is a quasi-isomorphism. 

Proof. (1) First, let us prove that the functor 

Hom(P'', -) : P/_,„on(GrG) {C-vector spaces} 

is exact, and takes values in Vectc. (Here, we consider morphisms in the category 
of pro-objects.) By definition of pro-objects, for any M in P/_nion(*^''G) have 

Hom(P^A^) = In^ Hom((i„0,P^,M) 

m>0 

(see jKS2| Equation (2.6.2)]). By definition of the category P/_nion(*^''G)' there ex- 
ists n > and an object M' of P/_inon(^n) such that M = (i„)*Af'. By adjunction, 
for any m > we have 

Hom((i^),P^,M) ^ Hom((i„)*(z„0,P„';,M'). 

Using Lemma l3.2| we deduce that for m > n, 

Hom((i„0,P„^„M) = Hom(P,^M'). 

The claim follows, using the fact that P^ is projective in the category P/.nionC^n)- 
Now we conclude the proof of (1). Consider a short exact sequence M ^ N -» 
Q in the abelian category of pro-objects in Pj_^^^^{GrQ). By |KS2| Proposition 
8.6.6(a)], this exact sequence is the projective limit of a projective system {Mi ^ 
Ni Qi)i£i of short exact sequences in P/_„ion(*^''G) indexed by a small filtrant 
category /. By our intermediate result, for any i the sequence 

^ Hom(P'=, Mi) Hom(P'=, iV,) ^ Hom(P'=, g^) ^ 

is an exact sequence of finite-dimensional vector spaces. It is well known that small 
filtrant inductive limits of short exact sequences of vector spaces are exact. Using 
the fact that the duality V ^ V* \s exact, restricts to an involution on finite- 
dimensional vector spaces, and transforms inductive limits into projective limits, 
we deduce that the same property holds for small filtrant projective limits of short 
exact sequences of finite- dimensional vector spaces. In particular, we get a short 
exact sequence 

^ lim Hom(P'', A/,) ^ lim Hom(P'', iV,) ^ lim Hom(P''', Q,) ^ 0. 

1 i i 

In other words, the sequence 

^ Hom(P'=, M) Hom(P'', TV) ^ Hom(P'^', Q) 

is exact, which proves the projectivity of P^ . 

The claim (2) is obvious from the description of kernels and images in a category 
of pro-objects given in |KS21 Lemma 8.6.4(ii)]. □ 
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Remark 3.4. Let Gr^ be the connected component of Grg containing G(D)/G(D), 
and let Gadj = G/Z{G). By the main results of |ABGj . the category P/_mon('^''(5) 
is equivalent to a certain category of finite-dimensional representations of Lusztig's 
quantum group at a root of unity associated with the group Gadj , see [ABG|, Theo- 
rem 9.10.2]. By |APW[ Theorem 9.12], the latter category has enough projectives. 
Hence the category P/_nion(*^''6) enough projectives. 

It follows from this remark that in fact, for any j < 0, the sequence of objects 
ii'in)*Pi'i)n>o stabilizes for n 3> 0. As this proof is very indirect, and as this fact is 
not strictly necessary for our arguments, we will not use it. 

3.4. Formality. Consider the G-equivarianl3 dg-algebra E'{1g,TZg) such that 

P(lG,7^G) limHom^(P^P•*7^G,fc). 

fc 

Here, we have set as usual 

Hom^(P^P•*7^G,fc) = n Hom(P^P'+^ *7^G,fc), 

where the morphisms are taken in the category of pro-objects in the category 
P/-mo„(GrG), and 

P'+'*nG,k ■■= ^l((^„)*P,i+^>7^G,fc. 

n 

The action of G is induced by the action on TZg, the differential on this dg-algebra 
is the natural one (induced by the differential of the complex P*), and the product 
is defined as follows. Consider ^ G Hom*(PV P* 7^7^G,fc), C G HomJ(P*, P' ★7^G,^); 
their product ^ • C S Hom'"''-' (P*, P* -klZG.k+i) is defined as the composition 

P P *7^G,;bJ >P *^G,fe*7^G,^b + JJ *^G,fc+ib + j]- 

On the other hand, recall the dg-algebra 'Eiyii'Q^^y^^^[lG ^'R■G) defined in ij3.2l 

Proposition 3.5. There exists a natural quasi-isomorphism of G-equivariant dg- 
algebras 

0:E•(lG,7^G)^Ext•.(^)__„(lG,7^G). 

Proof. The morphism of complexes P* — 1g induces a morphism of complexes 

E•(lG,7^G)^Hom•(P^7^G), 

where we use the same notation as above, i.e. by definition we have 

HomXP*,7eG) = fim Hom(p-',7eG,fc). 
fc 

Any morphism P^* — !• 7?.G,fc factors through the composition 

p-^p-^p-7rad(P-0 

for some n. (This follows from the definition of morphisms in the category of pro- 
objects, and from the fact that 72.G,fc is a semisimple perverse sheaf.) Hence, as 

^Here, the term "G-equivariant" is not really appropriate since for i € Z, E*(1(3,7?.g) is not 
a rational G-module, but rather a projective limit of rational G-modules. We use this term by 
an abuse of language. Similarly, by a G-equivariant dg-module over this dg-algebra we mean a 
dg-module M* such that for any i G Z, is a pro-object in the category of rational G-modules, 
compatibly with the G-action on the dg-algebra. Similar comments apply to the dg-algebra A" 
defined in ^3.7l below. 



22 



PRAMOD N. ACHAR AND SIMON RICHE 



the resolutions we have chosen are mimmal, Hom(P^*, T^c.fe) is isomorphic to the 
space of morphisms of chain complexes P' — TZG,k[i\- Similar arguments show that 
any such morphism of complexes which is homotopic to zero is in fact zero. Hence 
Hom(P^*, 7?.G.fc) is also isomorphic to the space of morphisms P* — J> TlG,k[i\ in the 
honiotopy category of pro-objects in P/_„ion(*^''G')- By Lemma [3.31 we deduce that 
Hom(F~*, T^G^fc) is the space of morphisms — >• TiG,k[i] in the derived category 
of the abehan category of pro-objects in P/_mon(^''G)- ^y |KS2[ Theorem 15.3.1(i)] 
and equivalence (|2.3p . this space is also isomorphic to Extg^j-,j_j^^j^(lG, T^g). These 
considerations imply that there is a natural isomorphism of complexes 

Hom•(P^7^G) = Ext•j(o)_„^„„(lG,7^G), 

where the right-hand side has trivial differential. 

Hence we have constructed a morphism of complexes 

0:E•(lG,7^G)^Ext•.(^)_„_(lG,7^G). 

It follows directly from the definitions that this morphism is compatible with prod- 
ucts, hence is a morphism of dg-algebras. The fact that it is a quasi-isomorphism 
follows from Lemma l3.3f 1) and from the fact that the morphism P* ^TZq ^ — > Ti-ck 
is a quasi-isomorphism for any fc > by Lemma I3.3r 2'). □ 

3.5. Construction of the functor. Now we can construct a functor 

Fg : -Dl^oyraoni^'c) ^ DGCohg,, (A/g) ■ 

First, consider the category j.^oni^'^ g) bounded chain complexes of objects 
of P/_i„on(^''G)- '-''^^ '^^'^ define a functor from this category to the category of 
G-equivariant right dg-modules over the dg-algebra E*(1g,7?.g), which sends the 
complex M* to the dg-module E*(1g,M* *TZg) such that 

E\lG,M'i.TZG) := \u^Uom\P',M'*nG,k), 

k 

where the differential is the natural one (induced by the differentials of M* and 
P*), the action of G is induced by the action on TZg, and the action of the dg- 
algebra is defined as follows. Consider some f 6 Hom*(P*,Af' * 7?.G,fc) and ( G 

Hom-' (P',P' ★Tec,;); their product ^-C e Rom'+^ {P* , M' *nG,k+i) is defined as 
the composition 

P ^P ^TZgAjI ^ *T^G,k*T^GA'^+j\ ★7^G,fc+^b+JJ• 

This functor is exact by Lemma l3.3f l). hence it induces a functor 

(3.3) E-(lG,(-)*7eG) : P'^Pj.,„„„(Gre) DGMod'^(E-(lG, 7eG)°P). 
Then, the quasi-isomorphism (/) induces an equivalence of categories 

(3.4) Ext^(^)_,„^„(lG,7^G)^E.(lo,7^c.)-- ■■ DGMod«(E-(lG,7eG)°P) 

A DGMod«(Ext^(o)_(lG,7^G)), 

see |BH Theorem 10.12.5.1] (or rather a G-equivariant analogue, which is easy since 
G is a complex reductive group). Note that the dg-algebra ExtQf^Qy^^^^{lG,'R-G) 
is graded-commutative and concentrated in even degrees; hence it is equal to its 
opposite dg-algebra. 
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Finally, the isomorphism of Proposition 13.11 induces an equivalence of categories 
(3.5) DGMod^(Ext-.(o).„,on(lG,7eG)) ^ DGMod^(C[A/G]). 
Composing the functors (|3.3p . (|3.4p and p.Sp with the inclusion 



J273l 

PXo^ (Grr.)^2?f (Gr^) = ^?''Pf „,nn (Grr), 

G(D)-mon^ O-/ i-mon^ Cr/ i-monV Cr/' 

one obtains a functor 

Fg ■■ 2?e(o)..„o„(GrG) ^ DGMod«(C[A/G]). 

Lemma 3.6. (1) There is a natural isomorphism Fq{1q) = C[A/'g]. 

(2) For any V in Rep(G') and M in D^^^^ mon'-*^''G) there is a functorial iso- 
morphism 

FoiM^SaiV)) = Fg{M)®V 

in DGMod"^(C[7VG]). 

Proof. Claim (1) is obvious from definitions and the proof of Proposition [3?5] 
(2) There exist isomorphisms of G-modules 

V®c'C[G] ^ y^cIndfi}(C) ^ Indfij(y) = C[G]® '^^f^'. 

Hence, applying the Satake equivalence Sg, one obtains an isomorphism of ind- 
perverse sheaves 

The natural G-action on the left-hand side induced by the action on TZg corresponds 
to the diagonal G-action on the right-hand side. The isomorphism follows. □ 



It follows in particular from Lemma 13.61 that the functor Fg factors through a 
functor 

Fg ■■ T^%^o)-mon(^'G) ^ DGCoh« , (A/^) , 

as promised. 



3.6. Fg is an equivalence. The following lemma is well known, see e.g. |G2[ 
Equation (2.4.1)]. 

Lemma 3.7. Let V in Rep(G). The functors 

(-)*5G(F):P^(Gr6)^P^(Grg) and (-) * 5g(V^*) : P^(Gre) ^ P^CGrg) 
are adjoint. □ 
The next important step in the proof of Theorem 12. II is the following. 



Proposition 3.8. For any Vi,V2 in Rep(G), the functor Fg induces an isomor- 
phism of graded vector spaces 



Hom^. (g,^)(5g(Fi),5g(V^2)) 

^ Hom'ccohg^j^c) (C[A/'g] ®c ^1, C[AAg] ®c V2). 
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Proof. This result is proved is the case when G is semisimple in |G2| Proposition 
1.10.4]. As the details will be needed later, we reproduce the proof. (See also [ABG[ 
§§7.4-7.5] for similar arguments.) 

First, Lemma 13.71 reduces the proof to the case Vi = C. For simplicity, we write 
V for V2. Consider the projection V orthogonal to other weight spaces of 

the diagonalizable group Z{G). The perverse sheaf SciV^'^'^'^) is the restriction of 
Sciy) to Gfg. Hence the projection above induces an isomorphism 

(3.6) Hom^. )(1g,5g(T/)) ^ Hom^. ^^^o^{1g,Sg{V^^''^)). 

G(0)-mon^ G(D)-mon'' G'' 

Now, by the main result of |Glj . the hypercohomology functor H'{~) induces 
an isomorphism 

Hom^.^^__^_(Cr'^)(lG''5G(F^(^))) ^ Hom^.(G,o^)(C,(T/')^(«)), 

where on the right-hand side we mean morphisms of graded modules, and V* = 
H'{Sg{V)) is V, graded by the action of the cocharacter 2p. Using also isomor- 
phism p.ip (for the group Gadj G/Z{G), whose Langlangs dual group is Gsc, the 
simply connected cover of the derived subgroup of G, so that we have Grg ^ Grji,) , 
we obtain an isomorphism 

Hom^. (,^„)(lG,5G(y^(«))) ^(V--)^(«).B-. 

By [Spl] Theorem 4.11], we have G'"^ ^ Z{G) x , and C/'^c is a connected 
unipotent group. Hence we have F^(G).B'G = yG=G^ 

we finally obtain an 

isomorphism of graded vector spaces 

(3.7) Hom^. (e,o)(lG,5G(V^^('^))) A {Vf". 

G(D)-mon^ G'' 

It is well known that the variety A/g is normal, and that G/G'^° = G • has 
complement of codimension 2 in A/g- Hence restriction induces an isomorphism of 
graded algebras C[A/'g] — -> C[G/G'^'^] , where the grading on C[7\/g] is the one defined 
in ^2.2\ and the grading on C[G/G'^'^] is induced by the action of the cocharacter 
2/5 via the right regular representation of G on C[G]. It follows that restriction to 
cg S Ag induces an isomorphism of graded vector spaces 

(3.8) {C[NG]®Vf ^ {Vf^"". 
Finally, there is a natural isomorphism of graded vector spaces 

(3.9) Hom'ec„,g_^^(^^)(C[AAG],C[A/G]®cT^) - {CWG]®Vf. 

Indeed, by |BL| Lemma 10.12.2.2] (adapted to the G-equivariant setting), the mor- 
phisms in the left-hand side of p.9p can be computed in the homotopy category of 
G-equivariant C[A/G]-dg-modules. Then the isomorphism (13.91) is clear. 

Combining isomorphisms p.6p . p.7p . p.8p and p.9p gives the proposition. □ 

Finally we can prove Theorem 12. II 

Proof of Theorem 12.11 Using Lemma 13.61 and Proposition 13.81 the fact that Fg is 
an equivalence follows from Lemma 12.21 

Isomorphism (|2.ip is proved in Lemma [3?6l[2). □ 
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3.7. A locally-finite subalgebra. Now we come to the proof of the mixed version 
of Theorem 12.11 namely Theorem 12.41 For any n > one can consider the category 
P™J^^^(X„) defined as in i l2.3l (replacing Grg by Xn), and the forgetful functor 

For : PtLni^n) ^ P/.^on(^«)- 

By [BGSi Lemma 4.4.8], every projective object of P/_„ion(^n) can be lifted to 
P™'^^^(X„). The object 1q can also obviously be lifted to an object 1™"' of 
P™J^^^(Gr(j), of weight 0. Hence one can choose the projective resolutions P* 
of §3.31 in such a way that there exists a projective resolution 

. _ , p-2 , p-l > pO , imix 
^ -fornix ^ -^mix ^ -^mix ^ '^G 

in the category of pro-objects in ^Ymon^'^'^G) such that For(P^j;^) = for any 
j < 0, and similarly for the differentials. The pro-object P^j^ is obtained by taking 
a formal projective limit of objects P,j j^^;^, where P^ ^^^^ is a projective object in 

Prmo„(^») S'^'^li that PI - For(P^^^.J. 
Recall the equivalence Sq of p.Sp . We set 

Teg''^ := 5°(C[G]), 

an ind-object in the category P° ^^^^^(Grg). This object is endowed with an asso- 
ciative and commutative multiphcation map 

m : Kq * l<,Q — S> l<,Q . 



One can choose the subobjects IZck C TZq of i i3.2l in such a way that there exists 
7?.™'^ C 7?.™"' such that the isomorphism For(7?.Q"') ^ TZg induces an isomorphism 
For(7?.Q'^) = 7?.G^fe for any k, and m^,; can be lifted to a morphism m™J'' : 7?.^'^ 

•T^mix V -T-jmix 

Then one can also consider, for any j, the object Pj^^j^ *7?.q'^. This object is 
a pro-object in the category of perverse sheaves on Gr^. p^, but a priori not in the 
category P™J^^^(Grg). Still, the pro-object 

P^^TZck = For(P4,,*7^g;f) 

is endowed with an automorphism induced by the Frobenius. 

With these choices, by definition the dg-algebra E*(1g,7^g) of ^3A\ is equipped 
with an automorphism 

Fr: E•(lG,7^G) ^ E•(lG,7^G) 

induced by the Frobenius. We would like to decompose the dg-algebra E*{1g,TIg) 
according to the generalized eigenspaces of this automorphism. However, as this 
dg-algebra has infinite-dimensional graded pieces, we need to be more careful. 

First, observe that the Frobenius also induces an automorphism of the dg-algebra 
^^t^(i_^)_„,o„(lG,7^G), again denoted Fr. 



Lemma 3.9. (1) The morphism cj) of Proposition^^ commutes with the au- 
tomorphisms Fr. 

(2) For any n>0, Fr acts on Ext^j.j-,j_^^^^(lG, 72.g) as multiplication hy p^^"^ . 
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Proof. Statement (1) is clear from definitions. Let us consider (2). By adjunction 
we have, for any n > 0, 

Hompb^^__^_^^^_^(G,g)(lG,7^G,fcW) ^ i^"(^o7^G,fc). 

Hence the resuh fohows from condition (*) of [BGSl §4.4]. □ 

Statement (2) of this lemma, together with Proposition 13.11 imply that there 
exists an isomorphism of G-equivariant bigraded algebras 

(3.10) Ext%^^^_^^^{lG,nG) = CWai 

where the additional Z-grading on the left-hand side is induced by the action of 
Fr, while the additional grading on the right-hand side is defined in §2.31 We will 
consider this isomorphism as an isomorphism of dgg-algebras, where both sides 
have trivial differential. 

To simplify notation, let us set 

A' := E•(lG,7^G). 

By definition, we have A* = lii^^ A*, where 

= n Hom(P-'",FJ+"*7eG,fe). 

Let A'Ij, := Hom(P^ ★ TZgm)- Then we have 

^Ik = ^ Hom(F^P^+"*7eG,fc). 

m>0 

We set ^"/j „ ■— Hom(F-' , P^+" *7?.G,fc). By construction, the automorphism Fr 
considered above is induced by automorphisms denoted similarly Fr : A" ^ ^ — > 

An 
j,k,m' 

Lemma 3.10. The action of fr on ^"j. „ is locally finite, and all its eigenvalues 
are integral powers ofp^/"^. 

Proof. By definition we have 

Al^^^ - limHom(P/,P;?+"*7^G,fc). 

Each space Hom(P;-', P^^-kTZck) is finite-dimensional, and stable under the action 
of Fr. Hence it is enough to prove that the eigenvalues of the restriction of Fr to 
this space are integral powers of p^/^. 

By \ARi Lemma 7.8 and its proof], the eigenvalues of the Frobenius on the Hom- 
space between any two objects which are images under For of objects of ^Ymon^^'^G^ 
are integral powers of p^/"^. Here, as explained above, ^'mbTm * ^c'fc ^ priori not 
necessarily an object of P/'|^Q„(GrG), but at least it is an extension of objects of 
P™'^^^(Gr^). Hence the same property holds. □ 

Thanks to Lemma |3.10[ one can write 

j^k^m, \£y j.k.m,r^ 
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where „ ^ is the generaUzed eigenspace of Fr for the eigenvalue p^/"^ . Note that 
for any m > 1, the morphism k m~i surjective (by projectivity of 

, see Lemma 13.31) , and compatible with the direct sum decomposition. 

Now we can define our "locally-finite" subalgebra of A' as follows. First we set 

rez jez "i>o 

and then 

^if'" = limAjf'". 

fc>0 

One easily checks that A^^'* is a sub-dg-algebra of stable under the action of G. 

Lemma 3.11. The inclusion A'^'* ^ A* is a quasi-isomorphism. 

Proof. Clearly, it suffices to prove that the inclusion AlJ.'' ^ A* is a quasi-isomor- 
phism for any A; > 0. 

First, we check that the morphism H*{j^l'') — > H*{A*f.) is surjective. Take some 
/ G A^, annihilated by the differential. By definition, / is a family {fj)jez, where 

is in y4"j,. Then, each fj is a family (/j,m)m>o, where fj^m e ^i,fe,m' ^'^'^ *3ach 
fj^rn can be written as fj,„i = J2r fj:m,r with € A^,k,m,r- To say that d{f) = 

amounts to saying that for any j G Z, /j+i o d = (~1)"'^p'*^g ° ^i' Then this 
equation can be rewritten as fj+i,m°d''p = (^1)"'^'p^"k(3 ^. ° fj,m for any to, and the 

latter equation can finally be rewritten as fj-\-i.m^r ^ — ( — ^Y^^'i^ -kiZQ ^ ^ fj^^^^ 
for any r. 

By Lemma [3.91 the action of Fr on the image of / in cohomology is multiplication 
by We set /' ^ {f-)jez G A'^^", where /j is the family (/j^„)m>o, where for 

any to we have set /j „ = /j,m,n- By the remarks above, /' is annihilated by the 
differential. We claim that / and /' define the same class in cohomology, which 
proves surjectivity. Indeed, for any r ^ n, the family (/j,m,r)j,m is an element of 
A' annihilated by the differential, and has trivial image in cohomology for reasons 
of degree. Hence it is in the image of the differential. The claim follows. 

Injectivity can be proved similarly, which concludes the proof. □ 

By definition, the dg-algebra A}^ is endowed with an additional Z-grading, which 
makes it a G-equivariant dgg- algebra. By Lemma [3.111 and isomorphism p.lOp . the 
morphism (j) of Proposition 13.51 induces a quasi-isomorphism of dgg-algebras 

(3.11) A« ^ C[A/g], 

where the right-hand side is endowed with the dgg-algebra structure defined in §2.31 
3.8. Mixed version of Fq- Now we can construct the functor 

Using equivalence (|2.5p . it is enough to construct a functor 

Ft"" ■■ ^S)-mo„(Grc5) ^ DGCohg^f "(AAg). 
As in ij3.51 this functor will be the restriction of a functor 

The functor is constructed as follows. We use the same notation as in H3.7I 
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For any bounded complex M' of objects of P™J^^^(Grg), the E'(1g, 7^G)-dg- 
module E*(1g, For(M*) -*cTZg) of ij3.5l is endowed with an automorphism induced 
by the Frobenius. Moreover, by the same arguments as in the proof of Lemma 
13.101 this action is locahy finite, and the eigenvalues are all integral powers of p^^^. 
Hence this action gives rise to an additional Z-grading on E*(l(3, For(M*) -kTZQ). 
Restricting the action to A'^, this grading makes E*(1g, For(A/*) ik-T^c) an A'^-dgg- 
module, denoted E*^*(1g, M* * 7?,g). Deriving this (exact) functor, we obtain a 
functor 

E•■•(lG,(-)*7^G) : V^Pf^^^^iGro) ^ DGMod«><«'" (A'f )• 
Then, quasi-isomorphism (jS.lip induces an equivalence of categories 

C[AAG]®^if (-) : DGMod^^'^"(^'f) ^ DGMod^^'^" (C[AAg]). 

Composing this equivalence with the functor E*'*(1g, (— ) * TZg) gives our func- 
tor Fq"^. We denote by Fq^^ the composition of this functor with the inclusion 

G(0)-mon^ ' /-mon ^ ' 

Lemma 3.12. The following diagram commutes up to an isomorphism of functors: 



^6(0)-n.on(Grc5) DGMod«x«'"(C[A/G]) 



G(0)-mon^ 
For 



For 



^e(0)-mon(GrG) DGMod« (C[A/g] ) • 

Proof. By construction of the equivalences, it is enough to prove that the compo- 
sition of the restriction of scalars functor 

Resti : DGMod'=(E'(lG,7eG)) DGMod<^(A'f) 

with the equivalence 

<C[JVg] ®A^i (-) : DGMod^(A'f) ^ DGMod'^(C[A/'G]) 
is isomorphic to the equivalence 

C[A/'g] ^E'iia.na)i-) ■■ DGMod^(E•(lG,7^G)) ^ DGMod'^(C[A/G]). 
However, the latter equivalences have inverses the restriction of scalars functors 

Rest2 : DGMod^(C[A/'G]) ^ DGMod^(A'f) 

and 

Rests : DGMod'^(C[A/'G]) DGMod<^(E*(lG, TIg)). 
By construction, the morphism A'* — > C[7Vg] is the composition of the morphisms 
A'f E'ilcUc) and E'(lG,7eG) -> C[7Vg]. Hence we have Rest 2 = RestioRests, 
and the result follows. □ 



The same proof as that of Lemma 13^ gives the following result. 
Lemma 3.13. For V in Rep{G), there is an isomorphism in DGMod'^'"^'" (C[AAg]) 

where, on the right-hand side, the Gm- action on V is trivial. □ 
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It follows from this lemma that Fq'^ factors through a functor 
Proposition 3.14. The functor F^q^ is fully faithful. 

Proof The category ^gl^j.^^^JGrg), respectively DGCohg^^^^-" (A/^), is a graded 
version of the category ^^jj^) mon(*^''G)' respectively DGCohfj.^^{MG) in the sense of 
|AR| §2.3]. Hence for two objects M,N in Z^gj^-j „ion^^''G-' have isomorphisms 

^°"'^:s(o,-„o„(G^e)(For(M),For(iV)) - Hom^^.x ^__(G,^)(Af, A^(*}), 

and 

HomDGCohg„j.^c)(For o (M), For o FS''^(Ar)) ^ 

iGZ 

By Theorem 12.11 and Lemma I3.12[ we know that the functor F^^^ induces an iso- 
morphism between the left-hand sides of these equations. Moreover, it respects the 
direct sum decompositions of the right-hand sides. Hence it also induces an isomor- 
phism between the right-hand sides, and also between the summands associated to 
i = 0. The resuh follows. □ 

Finally we can finish the proof of Theorem l2.4l 

Proof of Theorem \2A\ By Proposition l3.14l and Lemma [3.13l one can apply Lemma 
12.21 to the functor F™"', proving that it is an equivalence of categories. Composing 
with the equivalence (|2.5p . we obtain the equivalence Fq^^. 

The commutativity of the diagram of the theorem follows from Lemma [3. 121 By 
construction, the functor F_q^^ commutes with internal shifts (i). The last assertion 
of the theorem follows. □ 



4. CONSTRUCTIBLE SHEAVES ON Grg AND COHERENT SHEAVES ON TVb: 

SECOND APPROACH 

In this section we give a second proof of Theorems l2.1l and l2.4l which was inspired 
by the methods of |BFl §6.5]. 

4.1. Reminder on pretriangulated categories. The notion of pretriangulated 
category was introduced in |BK| . We will rather use |Drl IBLL] as references. Recall 
the basic notions of dg-categories, see e.g. |BLL1 §4.ij| or [Dr| §2.1]. 

Let £/ he a dg-category over a field. Then one can define the dg-category ^p''^''' 
as follows. First, one defines the dg-category £/ with 

• objects: formal expressions A[n] where A is an object of A and rt G Z; 



^In IBLLI . the authors assume that dg-categories are additive, but this is not really used in 
the results we quote. We only assume our dg-categories to be preadditive. 
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• morphisms: 

}iom^{A[n],B[m]) = Bom*^ {A, B)[m - n] 

as graded vector spaces, and the differential of an element / e Hom^(A, B) 
viewed as an element of Hom^(A[n], S[m]) is given by 

Composition is defined in the natural way. 

Note that this definition is chosen so as to mimic the relations for complexes of 
morphisms between complexes in an additive category, with the usual sign conven- 
tions. 

Then, one defines the dg-category ^p''^*'' with 

• objects: formal expressions 

where n > 0, Ci is an object of di G Z, q = {qij)ij=i...n with qtj e 
Hom^(Ci[di], Cj[dj]) such that dq + q^ — and qij = for i > j; 

• morphisms: for objects C = (©"^iC^d,], q) and C = {®YLiC-[d'^, q'), the 
graded vector space Hom^pretr(C, C") is the space of matrices {fij)iZi...m 
such that fij e Rom* {Cj[dj], C-[d'f]). The differential is defined by the rule 

rf^p-(/) = {dwifij)kj + Q'f - (-I)'/? 
if / is homogeneous of degree k. Composition is defined by matrix multi- 
plication. 

Note that the assignment ^ i— >■ ^p''^*'' defines an endofunctor of the category of 
dg-categories and dg-functors between them. 

Recall that for any dg-category £/, the category Ho(j2/p''^''') is always triangu- 
lated. (Here, for a dg-category we denote by Ho(^) its homotopy category.) 
For example, the cone of a closed morphism / e Hom^pr«r(C, C") is defined as the 
object 

cone(/)= |^0Cad^]e0QK + l],(^ )j . 

One has a natural fully faithful inclusion — ^ ^p''^*'' of dg-categories. One says 
that ^ is pretriangulated if the induced functor 

Ho(^) ^ Ho(^P^^t^) 

is an equivalence of categories. If ^ is pretriangulated, then by the remarks above 

Ho(j2/) has a canonical structure of triangulated category. 

An enhanced triangulated category is a triple <f , </>) where ^ is a triangulated 
category, S' is a. pretriangulated category, and (f) is an equivalence of triangulated 
categories ^ = Ho((o'). 

Let (^,^,(/>) be an enhanced triangulated category. Consider a set of objects 
S = {Ej,j G J} of (or equivalently of ^). Let us denote by {S)^ the full trian- 
gulated subcategory of ^ generated by S, i.e. the smallest strictly full triangulated 
subcategory of & containing S. Our aim is to explain how one can concretely 
construct the category (5)® starting from the datum of S and S'. 
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Let si denote the dg-subcategory of S whose objects are the set S. This category 
is determined by the morphism complexes HomJ(i?i, Ej) and the composition maps. 
Consider the functor 

* : Ho(^P^"'^) ^ Ho(<fP''*) ^ Wo{S) ^ & 

induced by the inclusion s/ ^ (o. The following result is [BKl §4, Theorem 1]. We 
include the (very easy) proof for the reader's convenience. 

Proposition 4.1. The functor ^' induces an equivalence of triangulated categories 

Proof. By construction, is a fully faithful triangulated functor. By |BLL1 Propo- 
sition 4.10(b)], the category Ho(^p''^*'') is generated, as a triangulated category, by 
the set of objects S. Hence 4* factors though which is its essential image. □ 



Finally, we will need the following result, see |Drl Proposition 2.5]. Recall that 
a dg-functor F : s/ — )> is a quasi- equivalence if it induces an isomorphism 

H'(ilora:,{A,B)) ^ H' {Rouilg{F{A), F{B))) 

for any A, B ins/ and if moreover Ho(F) : Ho(j2/) — > V\o{S§) is essentially surjective. 

Proposition 4.2. If F : s/ ^ is a quasi- equivalence, then the induced functor 
^pretr . ^p'str _^ ^pi'^t'' also a quasi-cquivalencc. □ 

4.2. Alternative definition otF^. Now we can give the alternative definition of 
the equivalence 

: ^6(D)-.„o„(Grc5) ^ DGCoh«,(A/G). 
More precisely, we will construct an equivalence in the opposite direction. 

Consider the triangulated category DGMod'^(C[A/'G])- This category has a nat- 
ural enhancement. Indeed, let Kproj'^(C[7\/G']) be the sub-dg-category of the dg- 
category of C[A/'G]-dg- modules whose objects are the K-projective objects (in the 
sense of [BLj Definition 10.12.2.1], adapted to our setting). Then this category is 
pretriangulated, and there is a natural equivalence of categories 

Ho(Kproj°(C[A/'G])) ^ DGMod'^(C[A/'G])- 



Hence we are in the setting of Proposition l4.ll We let s/q be the sub-dg-category of 
Kprof (ClAfc]) whose objects are the V » C[7Vg] for V G Rep(G). By Proposition 
14.11 there is a natural equivalence 

(4.1) Ho«^'0 = DGCohg,,(A/G). 

Note that all morphism spaces in the dg-category s/q have trivial differential. 

Now, consider the constructible side. The category 2?^^^-,^ mon(*^''G) 
category of the triangulated category ^^^(Gr^,) generated by the objects Sa{V) 
for V in Rep(G'). Moreover, the realization functor 

2''P7-.„o„(Grc5) ^ T^tnoni^ra) 

is an equivalence of categories, see (|2.3p . As above, the category T^^P i.nwni^''G) bas 
a natural enhancement. Indeed, let Proj(Gr(j) be the dg-category of bounded above 
complexes of projective pro-objects in P/_mon(Gi'G) whose cohomology is bounded. 
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and is in P/_nion(Gi'i5)- Then this is a pretriangulated category, and the natural 
functor 

Ho(Proj(Gre))^P'^P,-.^„,(GrG) 
is an equivalence of triangulated categories. Hence we are again in the setting of 
Proposition 14.11 Recall the resolution P* constructed in §3.31 We denote by 
the dg-sub-category of Proj(GrQ) whose objects are the complexes P* -kSaiV), V 
in Rep(G). Then, by Proposition 14. 11 there is a natural equivalence of triangulated 
categories 

(4-2) Ho(^r) ^ T^U)-..oni^^G)- 

Now, we observe that the dg-categories £/g and are quasi-equivalent. Indeed, 
first there is a natural bijection between objects of these categories. Then, consider 
V,V' in Rep(G). Using Lemma [3.71 and the same arguments as in the proof of 
Proposition [331 there are natural quasi-isomorphisms of complexes 

Rom%jP'*SGiV),P'*SGiV')) ^ Ext^. (Gr,^) ('5g(^), 

which are compatible with composition, where the differential on the right-hand 
side is trivial. Then, by Proposition l3.8[ we have a natural isomorphism 

Ext^-, ^c,,ASg{V),Sg{V')) - Ext* - (^^)(V^®C[A/-g],F'®C[AAg]). 

G(0)-mon^ G' ircc \ ^' 

Finally, we observe that the graded vector space on the right-hand side, endowed 
with the trivial differential, is the complex of morphisms in £/g between V®C[AfG] 
and V (X) C[7Vg]- Combining these morphisms provides the quasi-equivalence of 
dg-categories 

,^G ^ s^G- 

Using Proposition 14.21 we deduce an equivalence of triangulated categories 
(4.3) Ho(^p) ^ Ho(j/^^"*0- 

Combining equivalences (|4.ip . (|4.2p and (|4.3p . we obtain a second construction 
of the equivalence of Theorem 12. II Property (|2.1I) is obvious: the category Rep(G') 
acts on all the categories we have considered, in particular on the dg-categories jz/q 
and and all our equivalences commute with the action of Rep(G). 

Remark 4.3. It would be natural to expect that the equivalence constructed in this 
subsection is isomorphic to the one constructed in §3.51 However, we were not able 
to prove this fact. 

4.3. Mixed version. One can give a completely parallel proof of Theorem 12.41 
Namely, for any V in Rep(G) one can construct a projective resolution in the 
category of pro-objects in P™'^^^(GrQ): 

y ^ pmix,-l _^pO^ 

by choosing for any n ^ a minimal projective resolution in the abelian category 
Pj"^^^(X„) and then taking a projective limit over n. (See §3.31 for details.) 

Then one considers the dg-category ^G,mix whose objects are the resolutions 
Py{j) for V in Rep(G) and j G Z. Similarly, one defines the dg-category ^G,mix 
whose objects are the G-equivariant dgg-modules V (8) C[MG]{j) for V in Rep(G) 
and j G Z. Then, one can construct a quasi-equivalence of dg-categories 

£/g ,mix; 
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hence obtain an equivalence of triangulated categories ^oi^c^^i^) — '~'°(''^G'^mix)- 
Combining with mixed analogs of equivalences (|4.ip and (|4.2p . and equivalence 
(j2.5p . one obtains an equivalence as in Theorem 12.41 One can also show that it 
is possible to construct this equivalence and that of M.2\ in such a way that the 
diagram of Theorem 12.41 commutes. Details are left to the reader. 

In the remainder of this section, we prove that the equivalence constructed in this 
subsection, denoted by 'Fq^^, is isomorphic to the equivalence F^-^ constructed in 
§3.81 This result will not be used in this paper; we only include it for completeness. 
However, the constructions of §4.41 will be used in Sections |6] and [7] below. 

4.4. An Orlov category. Consider the full subcategory CoUf^^J"'^ (Afa) of the 
category Coh'^^''™ (A/g) which is generated under extensions by the objects V 
0_\f^{i), for V a simple G-module. Note that these objects, called free objects, are 
projective: since G x Gm is a reductive group, the functor of taking G x G,„-fixed 
points is exact. Hence the objects of Cohf^^^"^ (N'g) are in fact direct sums of free 
objects. In particular, the indecomposable objects of the category Coh'^^^"' (Afc) 
are exactly the objects V (S>c Oj\ff^{i), for V a simple G-module. Recall the notion 
of Orlov category introduced in [AR, Definition 4.1]. 

Lemma 4.4. The category Coh'^^^^'^ {Mg) , endowed with the function deg defined 
by 

Aeg{V ®cOu^{i)) = i, 
is an Orlov category. Moreover, there is a natural equivalence of triangulated cate- 
gories 

(4.4) ifb(Cohg^f'"(A/G)) = PLeCoh«x«'"(A/G). 

Proof. First, it is clear that morphism spaces between objects of Coh'^.^^'" (Afc) are 
finite-dimensional. Then, for V,V' simple G-modules and £ Z we have 

Hom^^^Gxr,™ {V ®c Oa^g (*> , V (g>c Oa/-o {])) = {V (g,V*(^ C[A/g] (j - i))^^"'" . 

If V ^ V' and i ~ j, this space has dimension 1. And, in the general case, this 
space is zero unless j — i G 2Z<o, or j = i and V = V' . This proves the properties 
of an Orlov category. 

Now we prove equivalence (|4.4p . The abelian category Coh'^^''^'" (A/g) has enough 
projectives. Hence there is an equivalence of categories 

i^"(ProJ(A/G)) = P-Coh«><«'"(A/G), 

where ProJ(A/'G) is the additive category of projective objects in Co h'^^"'™ (A/g). 
We have remarked above that the objects V ®c C'7Vg(*), V a simple G-module, 
are projective. Hence the category Vf^.^^Coh^ ^^"^ (JVg) is equivalent to the full 
triangulated subcategory of (Proj (A/g)) generated by these objects. It is clear 
that this subcategory is the essential image of the fully faithful functor 

^'(Cohg^f "(A/g)) i^-(Proj(A/-G)) 

induced by the inclusion Cohg^''^'^'" (A/b) ^ Proj(A/'G)- This proves the equivalence. 

□ 

To simplify the task of working with the category Coh^g^'^™ (Ag), let us make 
the following remark. We have explained above that any object of Coh^g^"^'" (A/g) is 
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isomorphic to a direct sum of objects of the form V Cg) 0^f^ (i). Hence this category 
is equivalent to the additive (Orlov) category Ac with: 

• objects: finite-dimensional graded G- modules V = ®„g^Ki; 

• morphisms: 

Rom^^{V,V') = HomcohGxr.„(^^)(0K ® C[A/-g]M,0 ® C[A/-G](n)). 

nGZ nGZ 

4.5. Isomorphism of Fq^^ and 'Fq^^. Consider the functor 

By Lemma dm one can consider this functor as a functor from K"" {Cohf^^^^"^ {Afa)) 
to itself. As such, this functor stabilizes the subcategory Coh^^^"^™ (A/g), and there 
is a natural isomorphism of functors 

C-^g" °(^G |Cohg„x'^-(^o) - i'lcohg^f-CA^G)- 

(Use Lemma [3.131 and the category Aq introduced in t )4.4l ) By ^ARi Theorem 4.7], 
we deduce that there exists an isomorphism of functors 

/ TTimix / TTimix -1 — 1 ^ ;j 

J^^G °[^G ) = ldDb_^^CohGx'™(A/'G)' 

hence an isomorphism of functors 

G G 

5. Relation to [ABGj 

In this section we explain the relationship between Theorems 12.11 and 12.41 and 
[ABG[ Theorems 9.1.4 and 9.4.3]. For simplicity, we only treat the non-mixed case. 
The mixed equivalences can be related similarly. (In this case, this result can also 
be proved "abstractly" using Orlov categories.) The equivalence "Fg" we consider 
in this section is the one constructed in Section [S] The results of this section are 
not used in the rest of the paper. 

5.1. Sheaves on J\f and multihomogeneous coordinate algebra. Let Bg ■= 

G/B be the flag variety of G, and let Afa T*Bg be its cotangent bundle. Recall 
that for every weight A G X there is a natural line bundle Obc{''^) on Bg, which is 
globally generated iff A is dominant. We denote by Ojq-^{X) the puUback of C'gg(A) 

to Kfa- Set 

ma) nNG,0^^{\)). 

AGX+ 

This is a G-equivariant X-graded algebra, called the multihomogeneous coordi- 
nate algebra of Kfa- We denote by Modx(r(A/G)) the abelian category of G- 
equivariant X-graded r(A/G)-niodules, and by QCoh'^(A/'G) the abelian category 
of G-equivariant quasi-coherent sheaves on Mg- There is a natural functor 

J QCoh^(A/G) ^ Modg(r(A/G)) 

\ M ^ Sagx. r(AAG,A^®o^^O^^(A)) ■ 

Now consider the G-equivariant X-graded sheaf of algebras 

AGX 
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We denote by QCohx(A/G, <0_;v'g-' abelian category of G-equivariant X-graded 
sheaves of modules over the algebra O^^, which are quasi-coherent over C^^- 
There are natural adjoint functors 

^ f Modg(r(A/G)) ^ QCohg(A/G,O^J 

and 

^ f QCohg(A/G,0_^J ^ Mod|(r(A^G)) 
[ M ^ TiJ\fG,M) 

Here, G and L stand for "global" and "local." Note that the inclusion T{AfG) C 
T{S/G,OjfJ is strict. 

There are also natural functors 

J QCoh«(A/G) ^ QCohg(A/G,0^^) 
and _ ^ 

where [A4]a is the component of A4 of degree A G X. 

Finally, we let Torg(r(A/'G)) C Modg(r(7V'G)) be the subcate gory whose objects 
are inductive limits of objects M such that there exists A S X (depending on M) 
such that [M]^ = for /i e A + X+. We denote by 

Q : Modg(r(A/G)) ^ Modg(r(A/G))/Torg(r(A/G)) 

the quotient functor. 

The following result is a version of Scrre's theorem on quasi-coherent sheaves on 
projective varieties. See |AVj for a similar result, whose proof can easily be adapted 
to our setting. 

Proposition 5.1. (1) The functor L is exact and vanishes on the subcategory 
Tor^{T (Afo)) ■ The induced functor 

I' : Modg(r(A^G))/Torg(r(A^G)) ^ QCohg(A/G, O^^) 

is an equivalence of abelian categories, with quasi-inverse Q o G. 

(2) The functors \r\Aj^ andR&Sj^ are quasi-inverse equivalences of categories. 

(3) There exists an isomorphism of functors QoF^^QoGolndj^. □ 

Remark 5.2. The functor Res^^ o L is a non-C^-equivariant version of the functor 
denoted by ^ in [XBGI §8.8]. ° 



In fact, we will not use Proposition 15.11 in the sequel. This proposition only 
serves as a motivation for the definition of the functor Loc below. 

Consider the Springer resolution tt : A/g — >■ A/g, and the associated inverse image 
functor TT* : QQo^'^ {Ng) ^ QCoh^{NG)- As Ng is an affine variety, the global 
sections functor induces an equivalence 

T{Ng, -) ■■ QQoU^{J\fG) Mod<^(C[A/'G]) 
(where Mod'^ ['C[N'g\) is the category of G-equivariant C[A/G]-niodules). 
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Proposition 5.3. The following diagram commutes up to an isomorphism of func- 
tors: 

QCoh^(A/-G) — ^ Mod^(C[A/'G]) ^ Modg(r(A/G)) 



QCoh'^(A/-G) QCohg(A/G, O^J. 

Proof. This follows immediately from the fact that there exists a natural isomor- 
phism of functors 

and transitivity of the tensor product. □ 

Now we consider dg-analogues of these constructions. Let DGCoh'^(7VG) be the 
subcategory of the the derived category of G-equivariant quasi-coherent sheaves 
of dg-modules over the sheaf of dg-algebras So^^ (Tbg) on Bq (where the tangent 
sheaf Tbc is in degree 2, and the differential is trivial) whose objects have their 
cohomology locally finitely generated over Sog^ (Tbg ) ■ 

Consider also the X-graded G-equivariant quasi-coherent sheaf of dg-algebras on 

Bg 

®A^G - Sobg(7'bg)®Obg ^?eG(A). 
Aex 

Here the multiplication is the natural one, Tbg is in degree 2 is each direct sum- 
mand, and the differential is trivial. (This definition is chosen so that, if we 
forget about the grading, O^^^ is the direct image to Bg of O^^^.) We denote 
by DGCohx(A/'G, Ojv'g) subcategory of the derived category of X-graded G- 
equivariant quasi-coherent sheaves of dg-modules over Oj^^ whose objects have 
their cohomology locally finitely generated over O j^^ . By the same arguments as 
for Proposition 15. Ip ]) , there is a natural equivalence of triangulated categories 



(5.1) DGCoh'^(A/'G) = DGCohg(A/'G, 



Finally, we consider T{AfG) as an X-graded G-equivariant dg- algebra with trivial 
differential and the XxZ-grading chosen so that the inclusion T{AfG) C T{Bg, O ^^) 

is graded. We denote by DGMod^ x(r(A/G)) the subcategory of the derived cate- 
gory of X-graded G-equivariant dg-modules over this dg-algebra whose objects have 
their cohomology finitely generated over r(A/G)- There is also a natural functor 

r DGModgx(r(A/G)) ^ DGj:ohg(A^G,0^^) 

I ^ ®^G®r(^.)^ 

We denote by 

(5.2) Log : DGModg x(r(A/'G)) ^ DGCoh^(A/'G) 

the composition of this functor with the equivalence (|5.ip . 

The morphism tt defined above induces a (derived) inverse image functor 

TT* : DGCohg,,(A/-G) ^ DGCoh^(A/G). 
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There is also a functor 

r(A^G)®c[AAo] (-) : DGCohtMo) ^ DGModpg,x(r(M3)) 
The same proof as that of Proposition l5. 31 gives the following result. 

Proposition 5.4. The diagram 

DGCohg,,(A/-G) 

DGModg x(r(A^G)) — ^ DGCoh^(7VG). 

commutes up to an isomorphism of functors. □ 

5.2. Reminder on [ABG| . For the remainder of Section [5] we assume that G is 
semisimple of adjoint type. By |ABG[ Theorem 9.1.4], there exists an equivalence 
of categories 

(5.3) Fg : 2?Lo„(GrG) ^ DGCoh«(A/G). 
Let us recall how this equivalence is constructed. 

First, we denote by I?proj(Gr(5) the subcategory of the homotopy category of 
bounded above complexes of projective pro-objects in P/_mon(Gi'G) whose objects 
C* satisfy the following conditions: 

. H^iC) e P/_„o„(Gre) for any z e Z; 

• H'{C) = for i < 0. 
There exists a natural functor from X'pioj (Gr^) to the derived category of the abelian 
category of pro-objects in P/.monlGi'G). The essential image of this functor is the 
subcategory whose objects have their total cohomology in P j_^^^^{GrQ). By IKS2| 
Theorem 15.3.1(i)], the latter subcategory is equivalent to T^^P i.^oni^'^c)- Hence 
one obtains an equivalence of triangulated categories 

(5.4) T : 2?p,oj(Grg) ^ V^Pj_,^,^{Gr^) = ^l^^^^Gr^)- 

As in W2.51 let FIq := G{A)/i be the afhne flag variety. For every A G X one 
can define a Wakimoto sheaf Wx 6 P/-cq('"lG)j see |ABG1 §8.3]. Recall that there 
is a natural convolution product on X'^^^(Flg,), which we denote by For any 
A, /i G X there exists a canonical isomorphism 

(5.5) Wa^^'w,, - 

(see [XBGl Corohary 8.3.2] or ^ Corollary 1]). 

There exists also a (convolution) action of the category on the cat- 

egory X'^^^(Gr^). In |ABG[ §8.9], the authors explain how to "extend" the con- 
volution with Wa to a functor on 2?^ ^^^(Gr^j). More precisely, they construct for 
every A G X+ an equivalence of categories Cx : ^^J^GrQ) — > V^^ ^^^J^Gyq) such 
that the following diagram commutes up to isomorphism: 



For 



For 



V) {GrA ^^^V) (Grg). 

/-mon^ /-mon^ 
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Moreover, for any A, /i e X+ there exists a canonical isomorphism of functors 

compatible (in the obvious sense) with isomorphism (j5.5p . For these reasons, for 
any M in V^^ ^^J^Gfo) one can set W\ * M :— C\{M). (Note that this notation 
may be misleading, as this construction is not functorial in the left factor, but only 
in the right one.) 

Consider the X x Z-graded vector space 

ExtL,o„(lG,>Vx+*7eG), 

whose (A, «)-component is zero if A ^ X+, and otherwise is 

lin^ Hompb (Gr^)(lG, Wa ★TecfcW)- 

fc>0 

This graded vector space can be endowed with an algebra structure, where for 
^ e Ext}_^^JlG, WA*7^G) and C e Ext^_^^^(lG, *7eG), the product ^ • C is by 
definition the morphism 

1g ^ * nam ^ * 1g * TIgIj] ^'*^''^^''') * Wa * 7^G * 7^G[^ + ]] 

= Wa+^ * 7^G * 7^G + j] '^'^"*"''^''> Wa+m * 7^G + j] • 

The action of G on TZg also induces an action on this algebra, which is compat- 
ible with the product. Note that the algebra Ext^p^_j^^j^(lG, T^g) of §3.21 is the 
component of the algebra Ext* fno„(lG, VVx+ * T^g) of weight S X. 

By ABG, Theorem 8.5.2], there exists an isomorphism of C?-equivariant X x Z- 
graded algebras 

(5.6) Ext•_„^^„(lG,Wx+*7^G) = T{Mg), 

where the Z-grading on the right-hand side is as in ijS.ll 

The next step is a formality result for some dg-algebra. Consider the resolution 
P' as in §3.3( and form the X-graded dg-algebra 

£'^{lG,nG) Im^i Hom'(P*,WA*P**7eG,fe). 

Aex+ fc>0 

Here the diff'erential is the natural one, and the product is defined as follows. If 
C e Hom*(P', WA*P**7^G,fe) and ( G Hom-''(P*, W^*P•★7^G,/), then the product 
^ • C is the composition 

P* ^ * P' * Ug.i [j] '^"*^''''°-''''> * Wa * P* * Ug.u * nG,i [i + j] = 

Wa+^ * P- * 7^G,fc * Ug, + j] >Va+^ * P* * Ugm+i [^ + j] ■ 

Note that the dg-algebra E*(1g,7?.g) of i i3.4l is the component of Ex(1g,7?.g) of 
weight e X. 

By the same arguments as in i i3.7[ one can construct a sub-dg-algebra|^ 

(5.7) E^(lG,7^G)'f CE^(1G,7^G) 



^This construction is not performed in lABGI . It is necessary for the arguments there to work, 
however, even in the non-mixed case. 
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which is "the locally finite part for the action of the Frobenius" , such that the inclu- 
sion Ex(1g,'^g)'^ ^ Ex(1g,'^g) is a quasi-isomorphism. Then, using pointwise 
purity of simple G(D)-equivariant perverse sheaves on Gtq (see [KH IGlj ). one can 
construct an injection and a surjection of X-graded, G-equivariant dg-algebras 



(5.8) 



E;,(lG,7^G)»■- — ^ E5,(lG,7^G)!^ 



Ext* 

i-mon 



(lG,>Vx+*7^G) 



which are both quasi-isomorphism^ (see [ABGi §9.5]). 

Finally we can review the construction of the equivalence Fg- It is defined as 
the composition 



V 



J-mon 



^Gr^) > Pproj(Gre) 



(2), 



(4), 



^DGModpg_x(Ex(lG,7eG)°P) 

(3) 



DGModg,x(Ek(lG,7eG)'''°P) ^ DGModg,x(E^(lG,7^G)<'°P) 



DGModpg,x(Ext'-_,„„„(lG, >Vx+ *nG)) ^ DGModpg,x(r(AAG)) 



^ DGCoh^(AAG). 

Here, the categories DGModg x(~) defined as for T{N'g) in ij5.ll The functor 
(1) is defined by a formula very similar to that for the functor E*(1g, (— ) *7^g) 
defined in WS.51 adding Wakimoto sheaves to the picture. (This functor is defined at 
the level of homotopy categories; the functor (1) is the composition with the natural 
functor from the homotopy category to the derived category.) The functor (2) is 
the equivalence induced by quasi-isomorphism (|5.7p . The functors (3) and (4) are 
similarly induced by quasi- isomorphisms (j5.8p . The functor (5) is the equivalence 
induced by isomorphism (j5.6p . Finally, the equivalence T is defined in (j5.4l) . and 
the functor Loc in (15.21). 



5.3. Compatibility. The main result of this section is the following. 

Proposition 5.5. The following diagram is commutative up to an isomorphism of 
functors: 



G(0)-mon 



(Gr, 



Fg 



Thm.ro 



i-mon 



Fg 



dot 



DGCohg,,(AAG) 



DGCoh'^(A/'G)- 



Proof. First, using Proposition 15.41 and arguments similar to those of the proof of 
Lemma [3.12| one checks that the following diagram commutes up to an isomorphism 
of functors: 



DGModg,e(E•(lG,7^G))- 

E^(1g,7?,g)«>evig.-Kg) 

DGModgx(Ek(lG,7eG)) 



DGCohf^,3(A/-G) 



DGCoh^(A/'G)- 



^Note that these arguments prove in particular the formaUty of the dg-algebra E* (Ig , T^-g) of 
i|3.4l We beUeve our argument in the proof of Proposition 13.51 is more elementary. 
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Here, DGModf^^^{E' (IcHg)) is the subcategory of DGMod'^(E*(lG, 7^G)) gener- 
ated by objects of the form E*(1g,7?.g) CSc V for V in Rep(G), the functor on the 
top hne is the one appearing in the definition of Fq, and the functor on the bottom 
Une is the one appearing in the definition of Fg- 

We define nDGMod^{E'{lG,TlG)) and HDGMod^{E^{lG,nG)) as the homo- 
topy categories whose associated derived categories are DGMod'^(E•(lG,7^G)) and 
DGModx(E5J;(lG,7^G))• As E^{lG,nG) is K-flat as an E*(1g, 7^G)-dg-module, the 
following diagram commutes: 

?^DGMod'^(E•(lG,7^G)) ^ DGMod<^(E*(lG,7eG)) 

E^(lG,7^G)0jE•(lG,7^G)(-) EJ,(1g,TCg)|ie.(i^,tc^) (-) 

y I 
nDGModg{E'^ilG, TZg)) > DGModg{E'^ilG,nG)). 

Recall that the functor Fg is constructed using an exact functor from the cat- 
egory C^P/_jjjQjj(GrQ) to the category of G-equivariant dg-modules over the dg- 
algebra E*(1g,7?.g)- Hence this functor factors through the composition 

^6(£,)-n.on(GrG) ^ ^5Lon(GrG) ^ ^^projCGre) ^ ?/DGMod^(E-(lG, Tec)) 
which we denote by Ig- Here, the functor Hq sends a complex Q' to the dg- module 

Hom*(P^Q•*7^G) 

(with obvious notation). 

Now, consider the following diagram: 

^6(£,)-mon(GrG)^^^DGM0d°(E'(lG,7eG)) 



Ei(lG,KG)0E.(lG.R-G)(~) 



\ 

2?proj(GrG) ^HDGModg(E;,(lG,7^G)), 

where the functor Hq is the analogue of Hq which appears in the definition of Fg- 
More precisely, Hq sends a complex Q* to the X-graded dg-module 

Hom•(F^WA*Q•*7^G)■ 

Aex+ 

There exists a natural morphism of functors 

Ek(lG,7eG) ®E.(1g,Kg) HgH ^ H^H 
defined by the natural map 

Hom'(P* , Wa * P* * TZg) (8>c Hom^' (P*, Q* * TZg) Hom'+^' (P* ,Wx*Q'* Hg). 
Composing with o i on the right, one obtains a morphism of functors 

E^(lG,7eG) <8e-(1g,7^g) Ig{-) ^ o T-1 o 

Using the diagram considered earlier in this proof, we obtain a morphism a 

functors 

u -.-K* o Fg — >■ Fg o i- 



CONSTRUCTIBLE SHEAVES ON AFFINE GRASSMANNIANS 



41 



To prove that v is an isomorphism, it is enough to check that for any Y in Rep(G'), 
viSciy)) is an isomorphism. However, there are natural isomorphisms 

Fg{Sg{V)) = V®c^{Mg\. Fg(5g(^)) = ^®cO^^ 
(see Lemma [3.61 and |ABG| Proposition 9.8.1]), and this claim is obvious. □ 

6. Hyperbolic localization and restriction 

6.1. Reminder on the Brylinski— Kostant filtration. Recall the regular nilpo- 
tent element ec G introduced in §3.11 For any G-module V ^ and any subspace 
?7 C the Brylinski-Kostant filtration F^^C/ on U associated to cg (introduced 
and studied in particular in [Bry ) is by definition given by 

Ff K([/) = J7 n ker(eg'i -V ^V). 

where ec acts on V via the differential of the G-action. In particular, this way 
we get a filtration on every T- weight space V^(A) of (A e X). Let us recall a 
geometric construction of this filtration, due to Ginzburg. For any [i, in X, we let 
1^ be the [/~ (.ft)-orbit through L^, where IJ~ is the unipotent radical of the Borel 
subgroup opposite to B with respect to T . 

Fix a G-module V ^ and a weight A G X. Then, by construction of the torus T 
and [MVt Theorem 3.5] we have natural isomorphisms 

V(\) - i/:(6A,5G(V^)) - H\^(SG{y)\ 

and both cohomology groups are concentrated in degree (A, 2p). Let t\:1\'^ Gr^j 
be the inclusion. Then by definition we have 

Now, consider the T-action on Grg, by left multiplication. Recall that we have a 
natural isomorphism of graded algebras 

il*(pt) - S(t*) - S(t), 

where t* is in degree 2. In particular, any point /i G t defines a character of the 
algebra i?* (pt). We denote by £.h the corresponding one-dimensional module. The 
only T-fixed point in is {^a}- Hence, by the localization theorem in equivariant 
cohomology, the morphism 

(6.1) H\(i-^SG(y)) ^ R'fi^ixAsGiy)) 

induced by the adjunction for the inclusion \L\\ ^ Ta becomes an isomorphism 
after inverting all d G 7? C t*, or equivalently induces an isomorphism 

(6.2) 7^|(^l,5G(F)) ®^.(pt) C„ A i/^x (Xa, 45g(V')) (pt) C,. 

for any /i g t \ U^g^ker(Q:). (See Remark [Ql below for comments.) 

By |G21 Equation (8.3.3)], there is a (Leray) spectral sequence which computes 
iJ^(TA,iA5G(^)) and with £;2-term 

El''^ - i7|(pt)®ci?'(3:A,iA5G(F)). 

As recalled above, the cohomology iJ*(TA, ^^iSgC^)) is concentrated in one degree 
(in particular in degrees of constant parity). Hence this spectral sequence degener- 
ates, and if^(TA, ^a'^gC^)) is a free iJ|,(pt)-module, with a canonical isomorphism 
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of graded vector spaces 

In particular, as the right-hand side is concentrated in degree (A, 2/5), it fohows 
that the lowest non-zero degree in H!^{1\,t\SG{V)) is (A, 2/5), and that we have a 
natural isomorphism (induced by forgetting the equivariance) 

Hence there is a canonical morphism 

(6.3) {H<^''p\l^,t{SG{V))®cH'f{pt))[-{X,2p)] ^ H'f{%x,t{SG{V)), 

which is necessarily an isomorphism. (See also |YZ1 proof of Lemma 2.2] for similar 
arguments.) In particular, this way we get for any /i G t a canonical isomorphism 

(6.4) H'^^'^PHlx,t{SG{V)) ^ H^{^^,t{SG{V))®H'^ipt)Ch. 

Now we come back to the morphism (|6.2p . It is well known that H' {i^SciV)) 
is concentrated in degrees of constant parity (see |Sp2[ Corollaire 2.10] or [KLj 
Theorem 5.5]). Hence, by the same spectral sequence arguments as above, the 
equivariant cohomology H!^{i\SG{V)) is also a free i?|,(pt)-module, and there is a 
canonical isomorphism 

H^{i[SG{V))(SHript)Co - H'{z[Sg{V)). 

It follows that for any h ^ i the canonical filtration on the vector space 

iI'(zl,5G(F))®ff.(pt) 

induced by the grading on H!^{i\SG{Vj) has associated graded H*{i\SG{V)). 

Finally, using isomorphisms (|6.2p and ()6.4p . we have constructed for any h G 
t\UQker(Q;) a canonical filtration on the vector space F( A) ^ H^^'^^'^ {1x,t\SGiV)), 
denoted Ff°°™, with associated graded H'{i\SG{V)). (Note that this filtration 
depends on h, although we do not indicate this in the notation, for simplicity.) 

The following result is due to Ginzburg (see |G21 Proposition 5.5.2]). As our 
point of view is different from that of Ginzburg, we include a proof in ^6.8\ This 
proof is completely different from the one given by Ginzburg, and more in the spirit 
of jMVj and jYZj . It is independent of the rest of the paper. 

Theorem 6.1. There exists an explicit choice o/ /i G t such that the filtration 
pgeom V{X) coincides with the filtration F^^ up to a shift. More precisely, for 
this choice of h, for any i we have 

Ff^ViX) = F-°- ,.^y(A) = F-°-^^, y(A). 

Remark 6.2. Here the particular case of the localization theorem we use in (j6.1|) is 
very easy to prove directly. Indeed, consider the object N :— t\SG{V), an object of 
the T-equivariant derived category The variety has a natural action 

of U~ {C[t~^]) (which is compatible with the T-action in the natural way), and 
there exists a subgroup K C {C[t^^]), normalized by T, such that the quotient 
i^yTA is a finite dimensional affine space, with a linear T-action (whose weights 
are in —R^), and such that the natural quotient map T> — > K\%\ restricts to a 
closed embedding on the support of N. Then we can consider N as an object of 

^f-eq(^\^A). 
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Consider the inclusions 

{La}^^ K\1^ {K\1x) \ {Lx} 

and the distinguished triangle 

iax)^Xax)'N -> TV ^ (jA)*(jA)*iV ^ . 

It is easy to check that H!^{{jx)*N) is anihilated by n<iG--R,+ (^^® ^-S- 
Lemma 3.3]). Hence morphism (|6.ip becomes an isomorphism after inverting all 
a d R. Moreover, as H!^{i\SG{V)) is free over S(t), this morphism is injective. 

6.2. Hyperbolic localization and semisimplicity of Probenius. Fix a stan- 
dard Levi L C G, and recall the notation of §2.41 We will denote by the same 
symbol the morphisms similar to i,j,p, q but defined over ¥p. We define the func- 
tor 8™"^ so that it is a mixed version of 9^ and that it sends pure objects of weight 
to pure objects of weight 0. More precisely, using again the notation of §2.4[ this 
functor sends an object M to 

efW := Af^[(x,2p<5-2p£)](-(x,2p^-2p^)). 
xex*{Z{L)) 

Then for any A G X+ one can consider the object 

i opn IL-A = oq^,jlL^ , 

an L(Fp[[a;]])-equivariant perverse sheaf on Gr^^ . (Note that the isomorphism 
provided by [Bra|, Theorem 1] also holds over Fp, see [Bra|, Section 5].) 

Proposition 6.3. The perverse s/iea/ 0™"' opa* IC™"' is an object of the category 

Proof. By [Bra[ Theorem 8], this perverse sheaf is pure of weight 0. Hence we only 
have to show that it is semisimple. The case L = T is contained in jNPl Theoreme 
3.1]. Now we deduce the general case. To avoid confusion, we add a subscript 
"lcg" to the morphisms i and p and to 0™"' relative to the inclusion L C G, and 
similarly for the other inclusions. 

First, by base change there is an isomorphism of functors 

(6.5) (e??j-\ o {ptclWtcl)*) o {etcG ° {plcgWlcgT) 

= 0T&°(PTcG)!(iTcG)*. 

Consider the perverse sheaf QfcG ° (Picc)! (^lcg)* IC™"'. Choose a decomposition 
into a sum of indecomposable pure perverse sheaves on Gr^^ j. : 

et^G-iPLcGhitLcGTicr = 0A^.. 

i 

By |BBD1 Proposition 5.3.9], each Mi can be written as Si Vi, where Si is a 

simple perverse sheaf, and is a Q^-vector space endowed with an indecomposable 
unipotent action of the Probenius. Assume that Vi„ ^ Qi for some zq. Then, 
using isomorphism (|6.5p . we obtain that Q^cG ° (ptcg)!(*tcg)* IC™"^ has a direct 
summand which is indecomposable but not simple. This is absurd since we know 
already the result for T. This concludes the proof. □ 
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6.3. Mixed version of fH^. Consider the subcategory I?^"^^^(Gr(5 j.^) of the de- 
rived category of constructible sheaves on Gr^, ^.^ generated by the simple objects 
IC(y)(j), for Y an Ipp-orbit on Gr^p^ and j G Z. We use the same notation 
for G'(D)-monodromic complexes. As in ij2.3l we also denote by ^Ymon^^'^G v ) 
the abelian subcategory of perverse sheaves. As in jAR[ §7.2], we denote by l the 
composition 



/-mon 



pbpWoil 

i-mon ^ (-T,Jrp 



real 



Pf"' (Gr^F ), 



where the first arrow is the derived functor of the embedding P""'*^ (Gr/=. 

^ i-mon ^ G 



DWoil 



. f (Gr^'K ), and the second arrow is the realization functor. We also use the 

/-mon^ Cr,ffp^i 

same notation for the functor 



-T-^mix 

G(D)-mon^ 



(Gr^) 2?^,<;'\ (Gr^„ ) 

1^ Cf/ G(0)-mon^ Cr.Jl^p/ 

obtained by restriction. We denote by 

(Gr^„ ) ^ V%,,^, (Grr) 

i\ U.i^p/ G(0)-mon^ (j/ 



the composition of the extension of scalars from Fp to Fp, followed by the equiv- 
alence obtained by restriction of the first equivalence of Lemma 12.31 With this 
notation, by construction we have For — x o i. 

It follows in particular from Proposition [531 that the functor Q'^^^opn* restricts 
to a functor 



■^G(D)-mon(Gl'G,Fp) ^ L{0)-mon^^'^ L,¥p) ■ 

Hence it defines a geometric functor in the sense of [AR^ Definition 6.6]. Recall 
the notation Pure(— ) introduced in [ARl §6.4]. Then our functor restricts to a 
homogeneous functor 



Pure, 



G(0)-: 



.(Gr<5) 



Pure 



L(0)- 



in the sense of [ARl Definition 4.1]. Hence by [ARl Proposition 9.1] we have the 
following existence result. 



Proposition 6.4. There exists a functor 

(Grg) 



G,mix 



G(0)-mon^ 



L(0)-mon 



G(0)-mon 



(Grg) 



(Gr^ 



2)b 

L(0)-mon 



(Gri) 



which makes the diagram 
(GrcjJ 



'7-)Wcil 
■ G(0)-mon^ 





5Kf 







2) Weil 

L(0)-mon 



(Gl-LFp) 



commutative up to isomorphisms of functors. 



□ 
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Remark 6.5. It follows in particular from Proposition l6.4l that the following diagram 
commutes: 

^6(D)-mon(*^''G) T7 ^ ^ G{0)-moni^'^ g) 



Hence we deduce from Theorem 12.51 an isomorphism of functors 



6.4. Action of the functors on morphisms. Consider the triangulated functors 
(6.6) {tfU., Ff- o 5n^''"- o {F^'^y' : P^;,,Coh«x«'"(A/-G) 

By Lemma 14. 4[ there are equivalences of categories 

^'(Coh^,f "(A/g)) ^ PLcCoh«x«"(A/G), 

We claim that both functors in (j6.6p send the subcategory Coh^^^'''" (TVg) to the 
subcategory Coh^^^*''" (TVl). This is obvious for the first functor. For the second 
one, we have natural isomorphisms, for any V in Rep(G) and n G Z, 

= Fr{SliRe4{V)){n)[-n]) 

where we have used Lemma 13.131 and Remark 16.51 The claim follows. 

Proposition 6.6. There exists an isomorphism of additive functors from the cat- 
egory Cohg^f (A/^g) to Cohf^^;^- : 

l-G\ ( TTimix ^ (Y}G,mix / i^mixN — IN 

(«L)mix,Cohg^x''""(A/-G) = K^L °'^L ° \^ G ) ) \Cohl^^''"^ {MgY 

Proof. Recall the category and the equivalence = Coh^g^"^" (TVg) , see iJ4.4l 
We have already constructed isomorphisms 

ii1)mUV®0^^{n)) = Res^iV) ^O^^n) 

- {Ff^ o ^f"^^ o (F--)-i) {V ® Omo {n)) 

for any V in Rep(G') and any n 6 Z. Hence to prove the proposition is enough to 
prove that for any V, V in Rep(G') and n £ Z, the morphisms 

HomcohGxr.„ (^^) {V ® Omo , y ® Oua {n)) ^ 

Homcoh^xr„„(^^)(Res^(F) ® 0^,, , Res«(F') ® OuAn)) 

induced by our two functors coincide. Moreover, the direct sums of morphisms 
spaces considered here can be expressed in terms of morphisms in the category 
DGCoh^gj,(7VG')- Hence Proposition 16.61 follows from Proposition 16.71 below. □ 
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Proposition 6.7. For any V,V' in Rep(G'), the morphisms 
nez 

induced by the functors (i^)* a?^^i i^i o o (i'^)^-'^ coincide. 

Proof. As in the proof of Proposition 13. 8[ using adjunction (see Lemma [3.7p . one 
can assume that V = C Then for simphcity we replace V' by V in the notation. 
What we have to prove is the commutativity of the fohowing diagram: 



(6.7) 



Hompb ^i^^ .{lL,SLiRcsfV)) —:L^yL^L jjomL(7VL,Resgl/), 



where the first horizontal isomorphisms are given by p.6p and p.7p , and the second 
horizontal isomorphisms are given by restriction to ea £ A/g, respectively gl G TVi,. 
(Here, HoniG(A/G, 1^) denotes the space of morphisms of G- varieties from A/g to V, 
and similarly for L.) 

By adjunction for the pair ((io)!,?^) we have 

Hom^. J1g,Sg{V)) - H'{z',Sg{V)). 

Hence, by Theorem 16. 1[ this graded vector space is (up to regrading) the associ- 
ated graded of the Brylinski-Kostant filtration on V'^ , for the group G and the 
nilpotent cg, denoted by F^^''~^ . Similarly, Hom—b /(-. -.{iL^SLiReslV)) is 

L(!D)-moii^ -1' 

the associated graded of the Brylinski-Kostant filtration on V'^ for the group L 
and the nilpotent cl, denoted by F^^'^. Moreover, by base change we have an 
isomorphism Di'^ o = of functors on V^^^^ ^^^(Grg). Hence the morphism 

V"^ — >■ induced by Dl^ is the identity. 

By the description of cg in ij3.1l and the fact that HaeA '-'^ ■ ~^ (C^)^^ is 
surjective, there exists a cocharacter x • — > T such that 

(6.8) CL = limx(i) • ec- 

It follows that we have inclusions 

n ker(eg) C n ker(e2), 

which induce a morphism 

^:gr^^'^(0^gr^^'^(^^). 

Via the isomorphisms 
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which send v G gif^''^ {V'^) to Cq ■ v (and a similar formula for L), see |Bry[ 
Corollary 2.7], one can complete diagram (|6.7|) to the diagram 

G(D)- 



Honi^b^^__^ _^^^(G,g)(lG,5G(F)) yG-o Hom^(A/G, V) 



Hom^b^^__^^^^jGri)(li''5L(ReSi^)) — ^yi"^ Hom^(A/'i, Resg^), 

in which the left square commutes. The commutativity of the right square follows 
again from (|6.8p . This finishes the proof. □ 

6.5. Proof of Theorem l2.7[ Now we can finish the proof of Theorem l2.7l Namely, 
we are in the situation of |AR1 Theorem 4.7]: we have two triangulated functors 
(see Equation ()6.6p ) between bounded homotopy categories of Orlov categories (see 
Lemma 14. 4p , which induce homogeneous functors between these Orlov categories 
(see N6.4p . and an isomorphism of additive functors between their restrictions (see 
Proposition (niH) . Hence, by [ARl Theorem 4.7], we get an isomorphism 

(■■G\ Tjmix ^ (YjG.mix / pmixN— 1 

Composing with Fq^^ gives the commutativity of the diagram of Theorem 12.71 

6.6. Digression: t-structures. We have explained in jAR[ §5.1] that for any 
Orlov category £/, there exists a natural bounded ^-structure on K^{£/) whose 
heart is a finite length abelian category endowed with a mixed structure. The 
simple objects in this heart are the S'[deg5], where S runs over indecomposable 
objects of £/. 

By Lemma the category Coh^^,^^" (A/g) has the structure of an Orlov cate- 
gory, and its bounded homotopy category is 

Hence one gets an abelian category as the heart of a certain i-structure on these 
triangulated categories. With the definition of Lemma 14. 4[ the simple objects of 
this heart are the objects 

Vx^O^^m^ in PLeCoh«x«-(A/G), or ICr(z) in 2?|i^,)._„(Grg), 

where A runs over X+, and i over Z. The abelian category "^g is semisimple and 
equivalent to the category P^^j nion(*^''G') '-'^ §2.5) so nothing new arises in this 
situation. 
But tf 

one can take as a degree function 



But the structure of Coh^^^"^"* (TVg) as an Orlov category is not unique. In fact, 



deg(FA®OA^^(z)) = LfJ 

for any k G Z>o. If k is even, then the situation is the same as above, and the heart 
is semisimple. But if k is odd, then the simple objects are the 

Vx®0^^mf\] in 2?['_Coh«x«'"(AAG), 

or the 

ICr(^)[LfJ-^] in 2?S)-mo„(GrG). 
In particular, this heart is not semisimple. 
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As Koszul duality is ubiquitous in this geometric context, we expect that our 
Orlov category is Koszulescent (in the sense of |AR| §5.2]) in this case, but we were 
not able to prove it. 

6.7. Reminder on equivariant cohomology of Grg. In the rest of this section 
we give a proof of Theorem 16.11 

Consider the T-equivariant cohomology i?^(Gr(j). It is naturally a Hopf algebra. 
By the same arguments as in t J3.11 any primitive element c in i?^(GrQ) defines an 

element ^'^ [c) & Q ®c (pt) (see [YZ| §5.3] for details). In particular, we can 
assume that the line bundle £det has a T-equivariant structure, replacing it by a 
sufficiently large power if necessary (see |YZ[ Lemma 4.2]). Hence one can consider 
the equivariant first Chern class cf" := cf'(£det) S 7J|,(Grg,). By |YZI Lemma 5.1] 
this element is primitive. Hence one can define 

el V^(cf) G0®ci?'(pt). 

The element Cq is described very explicitly in }YZ[ Propositions 5.6 and 5.7] 
(in the case £dot is the determinant line bundle). Let us recall the parts of this 
description that we will need. First, it is easy to show (see |YZ1 Lemma 5.5]) that 
fig G ® (t®c -fff (pt))- By construction, the component on is the element ec of 
§3.11 Hence one can write 

ec = + /g 

where /g G i <8)c -f^|(pt) = i t. One can view fc as a bilinear form on i ^ t*. 
Decomposing the basis A into connected components, one obtains a direct sum 
decomposition = 3(0) © (©i 0i) where each 0^ is a simple Lie algebra, and 3(0) is 
the center of 0. Accordingly we have a decomposition t = 3(0) © (©^ t^) . On each 
one can consider the restriction of the Killing form of 0^ , and use the direct sum 
decomposition to extend it to t. By [YZi Proposition 5.7] we have the following: 

/g is a linear combination with non-zero coefficients of the k^'s. 

This bilinear form defines a morphisni i -H- t* = t. Let us fix an element /i G t such 
that 

(6.9) /G(-,/i) = 2pei. 

Such a choice is possible, and is unique up to adding an element of 3(0). This will 
be our choice of h in Theorem 16. II 

6.8. Proof of Theorem imi Fix V in Rep(G), and let M = Sg{V). RecaU that 
we have 

(see [MVl Proposition 3.1]). Here, ">" is the partial order on X determined by our 
choice of i?"^. Recall also that we denote by t\ : ^ Gr^, the inclusion. Similarly, 
we denote the inclusion of the closure by tA : S^a ^ Grg. As Ta is closed in Grg 
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and Ta is open in Ta, there are natural morphisms 
(6.10) 

Here, ^ is the morphism (j6.ip . 

The arguments for the proof of the fohowing lemma are adapted from Proof 
of Lemma 2.2]. 

Lemma 6.8. (1) The morphism </> has a canonical splitting. 

(2) There is a canonical isomorphism 

Hr{%:,h:'M) - ^{H<'^^^P\l^,tlM)C^cH^{pt))[-^{l^,2p)]- 

(3) There is a canonical isomorphism 

H'fiM) = ^{H^'^-^P\l^,tlM)(ScH'fipt))[-{fi,2p)]. 

(4) Under the isomorphisms of (2) and (3), and (j6.3l) . the morphism ip, respec- 
tively 4>, is the inclusion of, respectively projection on, the corresponding 
direct summands. 

Proof. (1) It is easy to show using degree arguments that there is a canonical 
isomorphism 

H'(%,M-M) = @H^^^^f\'Z„t;-^M)[-{p,2p)]. 

For any fi > X, the parity of (/i, 2p) is the same as that of {X,2p). Hence, by the 
same argument using the Leray spectral sequence as in i i6.ll there exists an a priori 
non-canonical isomorphism as in (2). In particular, the lowest non-zero degree in 
H!j,{%\,t\ M) is (A, 2/5), and we have 

H^^^^P\^x,t^- M) - H'^^-^p\%,.,t\M). 

In particular, there is a canonical morphism 

{<i^^t\M) ® if* (pt)) [-(A, 2p)] -> H^TxM M). 

Using isomorphism (16.31) . one sees that this morphism is a splitting for cf). 
(2) By (1), is a canonically split surjection. Its kernel is 

H'f{%~x-^^x,r\M), 

where r\ : 'Z\ \ '-^ Gr^ is the (closed) inclusion. By the same arguments, the 
restriction morphism to 

is also a canonically split surjection. Repeating this argument again and again, one 
obtains the isomorphism. 
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(3) Using the splitting in (1) for any G X, one obtains a canonical morphism 
from the right-hand side to the left-hand side. By the same Leray spectral sequence 
argument as above, one proves that this morphism is an isomorphism. 

Property (4) is clear by construction. □ 

Proposition 6.9. Assume h d t is such that ()6.9|) holds. Then for any i ^ Z, we 

have 

Proof. The equality follows directly from the fact that H*{i'-^M) is concentrated in 
degrees of the same parity as (A, 2/5), see e.g. |Sp2[ Corollaire 2.10]. 

Consider some c € H^~^'''^''^^\i\M). Its image under the morphism rj of (j6.10|) 
decomposes according to Lemma 16.81 as: 

vie) ^ x\ + (Yl ^^+'y) 

0<j<i f£jA 

where for any relevant fj. 

Here, jA C X is the set of sums of j (not necessarily distinct) elements of A. We 
have ^(c) = xx. Hence what we have to show is that e^"^ • {xx)h = 0, where {x\)h 
is the image of x\ in V{X), under the isomorphism (16. 4p . 

The morphism rj is compatible with cup products, and the element of H6.7\ 
acts on H^{i\M) via its restriction to {L\}, which is /g(A, — ) S t (see [YZl Proof 
of Proposition 5.7]). (Here we view A in t* = t.) Hence 

0<j<i7GjA 0<i<i7eiA 

by our choice of h. On the other hand, 

clu{xx+Y XI = + /g(-,/i)) • (2;a + XI X 

0<j<i7GjA 0<j<i7ejA 

where on the right-hand side we consider the action in V . We deduce that 
ec • {xx)h = -2(X X)^+f)h^ ec • (X ^^+f)h = X ^•^+<5)/i, 

7eA 7GA Se2A 

and so on until 

eG-(X ^x+i)h = ^- 

7GiA 

Taking all these equations into account, we obtain finally that e^Q^ ■ {x\)h =0. □ 

Now we can finish our proof of Theorem 16.11 

Proof of Theorem 16.11 By Proposition 16.91 it is enough to prove that the Laurent 
polynomials in q 

(6.11) Xdini(gr^r2"p)+2.nA))-9^ and X dini(grmA)) ' 9^ 

coincide. However, both of these polynomials are known explicitly, as follows. One 
can assume that F is a simple module: V = Vu for some v £ X+. Moreover, V 
restricts to a simple module of the derived subgroup of G; hence one can assume 
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that G is semisimple. For simplicity, we write -P^™™('?) for the left-hand side of 
(EH]), and Pf^{q) for the right-hand side. 

First, consider the left-hand side. The associated graded of the geometric filtra- 
tion is known by construction, hence we have 

nT^l) = E dim(H<^^2'^)+2,(^i ic^)) . 

Let w €W he such that w(A) is dominant. Then we have by G'(D)-equivariance of 
IC, 

Now, this polynomial can be expressed in terms of Kazhdan-Lusztig polynomials 
(see [KL|, |Sp2| ILu| ). Using also the formula provided by [Ka) Theorem 1.80, one 
obtains that J^^^p^j (9) is equal to a polynomial m^^^'^ (q) defined combinatorially 
and nowadays known as Lusztig's (/-analog of the weight multiplicity (see e.g. |JLZI 
§2.3] or |Bry[ Equation (3.3)] for a definition). 

Now, consider the right-hand side of (I6.1ip . By [JLZl Theorem 7.6], we have 

(6.12) P^^{q) = q''^^'^-^''^ -m^^'Hq)- 

The result follows. □ 



Remark 6.10. In this paper we use Theorem 16.11 only in the case A = 0. In this 
case (and more generally in the case where A is dominant), ()6.12p is proved in |Bry[ 
Theorem 3.4] (under a cohomology vanishing assumption later proved in [Bro] V 



7. Mixed equivalence and convolution 
In this section we prove Proposition 12. Ill 

7.1. Convolution with mixed perverse sheaves. Recall the notation of 
By definition, any object of Pg^j mon(*^''G) ^ natural G(Fp[[a;]])-equivariant 
structure. Let M be in Pg^j^) mon^*^''G-'' follows from Proposition 12.91 that the 
convolution with M defines a functor 

(-) ★ M : P^''" (Gr^) ^ P^''" (Grg). 

Moreover, this functor preserves the additive subcategory PureG(o)-moni^'^G)^ ^^'^ 
induces a homogeneous functor PursG(^o)-moni^'^G) ~^ Pu''^G(0)-mon(Gi'G) in the 
sense of [ARl Definition 4.1]. Hence by [ARl Proposition 9.1] we have the following 
existence result. 

Proposition 7.1. For any M in P^^j-,-, mon^^''<5-'' ^^^''^^ exists a functor 



^This formula was conjectured by Lusztig in |Lul Equation (9.4)]. 
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which makes the diagram 
(Grc) — 



G(0)-mon ' 



25 W. 



il 



G(0)-mon 



G(0)-mon 



L(0)-mon 





(-)**g(M) 







cil 



L(0)-mon 



(Gr/ 



2'f,-,^ (Grf) 
commutative up to isomorphisms of functors. 



□ 



7.2. Compatibility of F™"^ with convolution. Fix some in Rep(G). Consider 
the functors 



Ai,A2 :2?LcCoh'^^«'"(A/-G) 



defined as follows: 

Ai{M) ^M®V and A2{M) = F^'"" {{F^'^'y^M) i. S%{V)) , 
where the object {Fg''')-^{AI) S%{V) is defined in Proposition Ol 



Under the equivalence 



'(AAg)) 



Gxt 



of Lemma 14.41 both functors Ai and A2 stabilize the subcategory Coh*^^ 
Moreover, it is easy to construct an isomorphism of additive functors 



free 



G) 



Cohi; 



using Lemma [3.6( 2). By |AR1 Theorem 4.7], we deduce that there exists an iso- 
morphism of functors 

Ai ^ A2, 

which proves Proposition l2.11l 

8. Convolution and hyperbolic localization 



In this section we prove Proposition 12.141 Our arguments are independent of the 
rest of the paper. 

8.1. Reminder on nearby cycles. Recall the definition of the nearby cycles 
functor (sec [Re, p. 98] for more details and references). Let X be a variety, 
and let / : X -^C be a morphism. Let := /^HO), Xu /"^(C^), and 
Xij :— Xjj Xcx , where is the universal cover of . We have the following 
diagram, where the morphisms are the natural ones, and all squares are cartesian: 



X 



^Xj, 



CONSTRUCTIBLE SHEAVES ON AFFINE GRASSMANNIANS 



53 



Then the nearby cycles functor is defined by 

t*j,v,v*[-l] : V^^iXu) ^ V^^iXo). 

(Here, 'D^{—) is the bounded derived category of constructiblc sheaves.) 

We will need some functoriality properties of this construction. Let g : Y 
be another variety over C, and consider a commutative diagram 



Y- 



X 



We let ttq : — ^ -'^o and ttu : Yjj Xjj be the restrictions of tt, and ttu : Yu ^ Xjj 
be the morphism obtained from -ku by base change. Then there are morphisms of 
functors 



(8.1) 
(8.2) 
(8.3) 
(8.4) 



(tto)* o *y 
(tto)! o *g 

O (tTC/)' 



*9 ° (T^t/)*, 
*/ o (tTc/)!, 

(tto)' O 



For example, let us construct morphism (|8.1I) . The other morphisms are constructed 
similarly. We use the notation above, adding indices "X" and "F" to distinguish 
the morphisms associated to / and g. Hence we have the following diagram, where 
all squares are cartesian: 




By definition, we have 

(7ro)*o^'^ = {TTo)*{ix)*{3x)*{vx)*{vx)* = {iY)*T^* {3x)*{vx)*{vxy ■ 

Here, the isomorphism follows from the identity ix ° t^o ~ iy ° tt. Next, there are 
natural morphisms of functors 

T^*{ix)* ^ {jY)*{T^u)* and {ttuT {vx)* ^ {vY)*{Tru)* , 

induced by the adjunctions ((tt^/)*, {ttij)*) and {{ttij)* , (tt;/)*). Hence we obtain a 
morphism 

(7ro)*o^'^ ^ («y)*(jY)*(wy)*(7f(7)*(«x)*- 
Finally, using the equality vx °Tfu = t^u ° and the definition of Vf^, one obtains 
morphism (|8.ip . 



8.2. Convolution via nearby cycles. Consider the convolution bifunctor 
It induces, via the forgetful functor, a bifunctor denoted similarly 



G(D) X Aut-eq 



(Grc)^2?!?(Gr, 



Gl 
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In this subsection we recall a construction of Gaitsgory ( [Gaj ) which allows to give 
an equivalent definition of this bifunctor in terms of nearby cycles. 

In what follows, we set X := <C and x = € X . For an algebraic group0 H, the 
ind-scheme Gr^j^ is defined in |Gal §3.1.1] as the ind-scheme which represents the 
functor sending an affine scheme S to the set of triples {y,J-H,l3')^ where y is an 
S-point of X, Th is an iJ-bundle over X x S, and /?' is a trivialization of Th off 
the divisor U (x x S). Here, Ty is the graph of y. Let Gr^ jj^^^., resp. Gr^ be 
the restriction of Qr^ x to X \ {x}, resp. x. 

Following |Ga[ Lemma 3], we also define the ind-scheme Q'Ch,X) which represents 
the functor sending an affine scheme S to the set of triples {y,J^H,P), where y is 
an S'-point of X, Th is an i7-bundle over X y, S, and /? is a trivialization of J-r off 
the divisor F^. As above, let QrH,x-^xi resp. QrH,x, be the restriction of Qrn.x to 
X \ {x}, resp. X. By [Ga[ Lemma 3], there is an isomorphism of ind-schemes 

where X is the canonical Aut-torsor over X, see [Ga( §2.1.2]. (Here, as in the 
preceding sections, Qvh is the affine Grassmannian of H, see [BDl §4.5], endowed 
with the natural action of Aut.) 

By \Ga\ Proposition 5], there are natural isomorphisms 

(8.5) ^'''h,x~~,x - ^'(H,x-^x X Grn, Gr^^ = Grn- 

There is a functor 

2^Aut-cq(GrH) ^ P!?(GrH,^), 

denoted M H> Mx, where Mx is the twisted external product Cx[l] ^ an 
object of the derived category of sheaves on X x'^"' Qrn — ^<'h,x- We denote by 
Mx-^x the restriction of Mx to Grn.x-^x- 

Finally we can explain the construction of the bifunctor Ch{—, — ) of [Ga, §3.2]. 
Starting from M in T>^{GrH) and N in 'D\^^_^q{Gr h) , one can consider the external 
product 

Nx^x S M 

in 2?const(G'''H Xxa;)- (Here we have used the first isomorphism in ([83]).) Let 

v|/«:2?^(G4^^^J^P^(GrH), 

be the nearby cycle functor associated to the natural map Gr'^^ X = C (see 
^A^. (Here we have used the second isomorphism in (jS.Sp .) Composing these two 
operations, one obtains a bifunctor 

Ch{-,-) : V^A(^rH) X I?i„t-cq(GrH) ^ V^Grn), 

such that 

CH(M,iV) = *^(iVxv.KM). 
The following result is part of |Ga| Proposition 6(b)]. 

Proposition 8.1. Assume H is reductive. 

For AI in V^GrH) and N in f^^^-) xi Aut-oq(Gi'H)) there exists a bifunctorial 
isomorphism 

Ch{M,N) ^ Mi^N. 

'^In IGa| . the author works with reductive groups. However, some of his constructions generalize 
to an arbitrary algebraic group, see e.g. IBDI §4.5.1-4.5.2] and [Gal §A.5]. We freely use these 
extensions. 
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We will also need the following technical result. 

Lemma 8.2. The functor M i— ^ Mx commutes with Verdier duality. In other 
words, for M in T>\^^_^^{G'C h) there is a functorial isomorphism 

Proof. For simplicity, in the proof we omit the subscript "iJ." By definition, AI is 
supported on a finite-dimensional Aut-stable closed subvariety Y C Gr. (For sim- 
plicity again, we omit direct image functors under closed embeddings.) Moreover, 
the action of Aut on Y factors through a finite dimensional quotient Autp = Aut/K 
of Aut such that M is an Auto-equivariant complex on Y . Consider the morphisms 

X x^"* Y = (X/K) x^"'° Y (X/K) X Y — ^ X x Y. 

By definition, DGr(M) = Dy(M). And (DGr(M))x is the unique object of the 
category 'D];{X x^"' Y) such that 

a*{{BGr{M))x) = b*{Cx[l]^DY{M)). 

Hence, to prove the lemma, we only have to prove that ©Crx (Mx) = Ujex^uty (Mx) 
satisfies this condition. However, as a is a smooth map of relative dimension r :— 
dim(Auto) we have 

a*(P3exAuty(Mx)) = B(j/K)xy(a'(Mx)) = B^x/K)xY{a*{Mx)[r]). 

By definition of Mx we have a*{Mx) = b*{Cx[l] K M). As b is also smooth of 
relative dimension r we obtain 

a*(D3exAuty(Mx)) = D^x/K)xY{b*iCx[M^M)[r]) ^ ]D)(j/K)xy(&'(Cx[l]^M)) 

= b*BxxY{Cx[l]^M) = fe*(Cx[l] SDr(M)). 
This concludes the proof. □ 

8.3. Convolution and hyperbolic localization. Finally we can prove Proposi- 
tion [IHI 

Recall the notation of ^2.41 The morphisms P ^ G, ^ G, P ^ L, ^ L 
induce morphisms of ind-schemes 

i' : Gr'p „ — > Gr'^ j' : Gr'f,_ ^ — > Gr'^ 



p' : Gr'p^ ^ Gr'^ c( : Gr'p- x ^ Gr^_^ 

(via induction of P-bundles or P^-bundles to G-bundles, and quotient of P-bundles 
or P~-bundles to L-bundles). By definition, and using the identifications given by 
the second isomorphism in (jS.Sp . the hyperbolic localization functor is 

/^L :-(Po)!tt)*:25c(GrG)^I?^(Gr^). 

By [Brai Theorem 1], on the category I?^ ^^y .^ mon(^''G) there is an isomorphism 
of functors 

(8.6) [p'MT = (q'oWo)'- :P^^(cx)-mo„(GrG)^2?^(Gri). 

a 

(8.7) (p'oWoT o^^^^^o {p'uWuY. o {q'uUj'u)' ^ (9o)*Oo)' ° 



By ()8.2|) and ()8.ip . respectively by (|8.4p and (|8.3p . there are natural morphisms 
of functors 
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Now, there are also natural morphisms 



t" : Gr 



p.x 



''p-,x 



Gr 



Grr q" : Grp_ v Gr 



G,X' 

L,x- 



' G,X-< 

P" ■■ Grp^x ^ Gr£ 

Note that, via the identifications (|8.5p . we have 

■/ •// ■/ ■// / // / // 

*o — *o ' Jo — Jo I Po — Po 7 % ^ %i 

i'u = {i'lj X *o)' j'u = (Ju X Jo)' P'u = by X Po)' 9c/ = (9a X 9o)- 

In particular, we get isomorphisms of bifunctors, for Mi in 2?J?(Gr(5 x^x) ^-^"^ -^^2 
in2?b(Grg), 

(8.8) {p'^WjjYiMiMM^) - ((p'^;),(^'f;)*A^l)S((p^,)!(^^,)*M2), 

(8.9) {q'M3u)'{Mi^Nh) - ((g^),0-)'Afi)H 0-^)'M2). 
We claim that for M in ^?Aut-cq(*^''G)' there is a functorial isomorphism 

(8.10) {p'hWhTiMx^.) = {{p'oWorM)x^.. 
Using base change for the diagram 



Pu 

Gr 



Gr 



p,x 
p" 



' L,X^x ^ ^' L,Xi 

the left-hand side is isomorphic to {(p")^(i")* (AIx)) ,r 
(18.101) would follow from an isomorphism 

(8.11) ip"wriMx) - {{p',WorM)x. 

However, it follows directly from the definition that 

(8.12) {i"rMx = ((*o)*Af)x. 
Now, consider the cartesian diagram 

idxp'g 



Hence isomorphism 



X X Grr 



X x^ut Grp 



■ X X Grf 



The base change theorem gives an isomorphism 

(7i"i)*(p")! = (id xpo)!(7rp)*. 
By definition, for N in ^'Aut-cq(*^''L)' ^x is the only object of I?J?(Gr|_ such that 
{tti^)*Nx = C3e[l] ^ N, and the same is true for Grp. Hence we have a functorial 
isomorphism 



^.13) 



{{p'o)iN)^ - ip"),N 



X 



for N in T>\^^_^^{Gr p) . Combining (|8TT2| and ((8?T3| . one gets ((8ll|) . hence also 

(Eini). 

Now, if Af is in T^\^t_cq{^^ q) J we claim that there is a functorial isomorphism 
(8.14) {quUju)-iMx^.) = ((9^))*(jo)'M)x... 
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Indeed, applying (|8.11|) to P instead of P, and using the fact that M ^ Mx 
commutes with Verdier duality (see Lemma [8?2|) , we obtain a functorial isomorphism 

{q"Uj")HMx) = iiq'oUjo)'M)x. 

Restricting to Gr^^^^ gives (|8.14p . 

Combining the first morphism of functors in (|8.7I) and isomorphisms (j8.8p and 
(|8J0| . one obtains for M in 2?^. /q^ \ ^nd N in 2?^,.^, , , (Gr^) a 

' Ai,(C )-mon^ <^ ' G(0) XI Aut-oq ^ (j' 

bifunctorial morphism 

h'-loCaiM,N) ^ Ci^ih'-£iM),h'-£iN)), 

hence, using Proposition 18.11 and the definition of a bifunctorial morphism 

<Kg(M*iV) ^ mf{M)irD\f{N). 

Similarly, using isomorphisms (|8.6I) , (|8.9p and (I8.14[) , the second morphism of func- 
tors in (j8.7|) provides a bifunctorial morphism 

fHg(A/)*«nf(iv) mf{M*N). 

One can check that these two morphisms are inverse to each other, which concludes 
the proof of Proposition l2.14l 

9. Example: G = SL(2) 

In this section we concentrate on the case G — SL(2). We choose as T the 
subgroup of diagonal matrices, and as B the subgroup of upper triangular matrices. 
Then we have G — PSL(2). There is a natural isomorphism X = 2Z, which matches 
2p with 2. We denote by X„ the /-orbit of L„, so that we have inclusions 



Xo = {Lo} C X_2 C ^2 C X_4 C • • • 

and we have 

dim(X„) = i ^ •(■ " ^ n' 
[ — n — 1 it n < 0. 

For any ri G 2Z, we denote by j„ ■ ^ Grg the inclusion, and by IC„ the 
simple perverse sheaf IC(X„). 

9.1. Simple objects. It is well known that in this case all closures of /-orbits are 
rationally smooth. For the reader's convenience, we include a simple proof of this 
fact. 

Proposition 9.1. For any ti G 2Z we have 

IC„ ^ C^[dimX„]. 

Proof. We proceed by induction on the dimension of orbits. The case n = is 
obvious. To fix notation, we assume that n > and that the result is known for 
Xn, and we prove it for X^n-2- 

Let Q be the (parahoric) subgroup of G{K) generated by / and by the matrix 



-X 

Then we have Q/I = P^. Consider the morphism 

n : Q Xn Gr^ 
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induced by the G(^)-action on Grg by left multiplication. It is well known that its 
image is By induction, the shifted constant sheaf Cg^i^ln+l] is a simple 

perverse sheaf. The decomposition theorem, and the fact that tt is a semismall map, 
imply that the direct image 

K. := 7r*(CQ^/5^[7i + 1]) 

is a semisimple perverse sheaf. 

The morphism tt is an isomorphism over U X„, and its fibers over X_„ 

are isomorphic to P^. Hence the cohomology of the stalks of /C are as follows: 



dim 


orbit 


— n — 1 


—n 


-n + 1 


n+1 


X-n-2 


C 








n 


Xn 


C 








71-1 




c 





c 















Xo 


c 





c 



From this table and the fact that the /-orbits are simply connected, we deduce 
(looking at the diagonal) that 

K ^ IC_„_2®IC-„. 
By induction, we know that IC_„ = C^^[n — 1]. We deduce again from the table 



that IC_„_2 



1] (see [BMl Proposition 1.4]). 



□ 



9.2. Standard and projective objects. 



Proposition 9.2. For n G 2Z, the composition factors of the standard objects 
■= {jn)]'C[dimXn] are given as follows: 

• Ao - ICo; 

• for n > 0, 



IC„ 



for n < 0, 



Proof. For n > 0, the natural exact sequence of sheaves 



induces an exact sequence of perverse sheaves 

IC_„ A„ ^ IC„. 
(Here we use Proposition 19. 11 ) The case n < is similar. 
By duality, we obtain the following. 



□ 



Proposition 9.3. For n € 21, the composition factors of the costandard objects 
V„ :— (j„)*C[dim X„] are given as follows: 

• Vo = ICo; 



CONSTRUCTIBLE SHEAVES ON AFFINE GRASSMANNIANS 



59 



• for n > 0, 

• for n < 0, 



v„ = 



n-2 



ic„ 



Corollary 9.4. Let n e 2Z. 

• For n > 0, the projective cover o/ IC„ in the category P j_^^^{X-n-2) is 
still projective in the category P/_,„on(^) ^'^2/ I-orbit X whose closure 
contains X-n~2, hence also in the category P/_nion('^''G)- standard flag 
and Jordan-Holder series are given as follows: 



P„. 



IC„ 



IC_„ © IC_„_2 



ic„ 



if n > 0, and 



Ao 



ICo 



IC_2 



ICo 



• For n < 0, the projective cover of IC„ in the category P i_^^^{X-n) is 
still projective in the category P '^'^2/ I-orbit X whose closure 
contains X-n, hence also in the category P/_nion(^''G)- standard flag 
and Jordan-Holder series are given as follows: 



Pn = 



An 



IC. 



IC_„- 



IC^ 



ic„ 



Proof. This follows from Proposition 
Remark (1) after Theorem 3.2.1]. 



and the reciprocity formula, see [BGSi 

□ 



In particular, it follows from this corollary that the category P7_i„on(*^''G) 
enough projectives, in accordance with Remark [ 



9.3. Projective resolution of 1q. In this case, the projective resolution of the 
object 1q constructed in tj3.3l looks as follows; 

>P4^P-4^P2^P-2^Po^ ICo = Ig- 

9.4. Convolution of simple perverse sheaves. 

Proposition 9.5. Let n,k ^ 2Z>o. 

• If n > k we have 

ICn-kICk = ICfc*IC„ = IC„+fc ® IC„+fc-2 ® ■ • • ©IC^ 

• If n > k we have 

IC-n*ICfc = IC_„_fe ® IC_„_fe+2 ® • • • © IC_n+fe. 

• If < n < k we have 

IC-„*ICa; = IC_,i_fe © IC_„_fc+2 © • • • ffi IC„_fc._2- 



-k- 
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Proof. The first formula follows from representation theory of PGL(2), via the 
Satake equivalence. The second and third formulas in the case n = 2 were proved 
in the course of the proof of Proposition 19.11 (in a different language) . The general 
case can be proved by induction on n using the following two expressions: 

IC-2*IC„*ICfe ^ IC_2*(lC„+fc® •••®IC|„_fc|) 

^ (lC_„_2®IC-„)*ICfc, 

where in the first isomorphism we use the first formula, and in the second one we 
use the case "n = 2" of the third formula. □ 

9.5. Dg-algebra. Using CoroUarv 19.41 and Proposition 19.51 one can describe the 
dg- algebra Hom'(P', P* *TZg) concretely. 
For example, the dg-algebra 

Hom'(P',P*) 

is isomorphic to the product of an infinite number of exact complexes 

(in degrees —1, and 1) parametrized by Z<o and one copy of the complex 

C-^C©C^{0} 

(again in degrees —1,0 and 1) with cohomology C in degree 0. 
Similarly, the complex 

Honi'(P',P' *IC2) 
is isomorphic to the product of an infinite number of exact complexes 

c ^ ^ ^ ^ c 

(in degrees between —3 and 3) parametrized by Z<_2, one copy of the complex 

C ^ ^ ^ ^ ^ 

(again in degrees between —3 and 3) with cohomology C in degree 2, one copy of 
the exact complex 

c ^ ^ c 

(in degrees between —3 and 1) and one copy of the exact complex 

c ^ c 

(in degrees between —3 and —1). 
The description of 

Hom*(P',P' *IC„) 
for a general n £ 2Z>o is similar. 
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